A SCHNEIDER TYPE THEOREM FOR HOPF ALGEBROIDS 



A. ARDIZZONI, G. BÖHM, AND C. MENINI 

Abstract. Comodule algebras of a Hopf algcbroid "H with a bijcctivc antipode, i.e. algobra ex- 
tcnsions B C A by 7i, are studied. Assuming that a lifted canonical map is a split epimorphism 
of modules of the (non-commutative) base algebra of Ti., relative injectivity of the H-comodulc 
algcbra A is related to the Galois property of the extension B Q A and also to the equivalence 
of the category of relative Hopf modules to the category of B-modules. This extends a classical 
theorem by H.-J. Schneider on Galois extcnsions by a Hopf algebra. Our main tool is an Obser- 
vation that relative injectivity of a comodule algebra is equivalent to relative separability of a 
forgctful funetor, a notion introduced and analyzed hereby. 

In the first version of this Submission, wc heavily used the Statement that two constituent 
bialgcbroi ds in a Hopf algcbroid possess isomorphic comodule categories. This Statement was 
based on [ |Brz3| , Theorem 2.6], whose proof turned out to contain an unjustified step. In the 
revised version we return to an earlier definition of a comodule of a Hopf algebroid, that distin- 
guishes between comodules of the two constituent bialgcbroids, and modify the Statements and 
proofs in the paper aecordingly. 
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4. Introduction 

Galois extensions of non-commutative algebras by a Hopf algebra generalize Galois extensions of 
commutative rings by groups and are known as the algebraic (dual) versions of (non-commutative) 
principal bundles. By a Hopf Galois extension the following strueture is meant. Comodules over 
a Hopf algebra H form a monoidal category VJl H , whose monoids are called comodule algebras. 
This means an algebra and iJ-comodule A, such that the coaction p A : A — > A (g) H is an algebra 
map (with respect to the tensor produet algebra strueture of the codomain) . It can be looked at 
as a notion dual to the action of a group on a manifold. Dualizing the notion of invariant points, 
coinvariants of A are defined as those elements on which coaction is trivial, i.e. the elements of 
the subalgebra 

B:={ be A | p A (b)=b<g>l H }• 
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In this Situation the algebra A is called an extension of B by H. The algebra extension B C A is 
said to be H-Galois if in addition the so called canonical map 



(1.1) 



can : A® A -> A® H, 



a<g>a' i— ► ap A {a') 



is bijective (hence an isomorphism of left A-modules and right 7J-comodules) . This is a dual 
formulation of the condition that a group action on a manifold is free. 

(Right-right) relative Hopf modules are (right) modules for an Ä-comodule algebra A and (right) 
comodules for the Hopf algebra H , satisfying a compatibility condition with the fi-coaction in A. 
In the case of an £T-Galois extension B C A, relative Hopf modules are canonically identified with 
descent data for the extension B C A. Hence if A is faithfully flat as a left B-module, it follows by 
the Faithfully Fiat Descent Theorem that the category SDt^f of right-right relative Hopf modules is 
äquivalent to the category 9Jtg of right B-modules. 

In the study of Hopf Galois cxtensions, important tools are provided by theorems, stating that 
in appropriate situations surjectivity of the canonical map ([O]) implies its bijectivity. One group of 
such rcsults (c.g. [|Kl], Theorem 1.7], ]Schal| , Corollary 2.4.8 1] |3S|, Theorem 3.1], |Bö2[ Theorem 
4.2 and Corollary 4.3]) can bc called ' Kreimer- Takeuchi type ' theorems (as their first representative 
was proven in [KT, Theorem 1.7]). In this group of theorems projectivity of the regulär comodule 
of the coacting Hopf algebra is assumed. The other group involves 'Schneider type ' theorems (aftcr 
J5chn| , Theorem I], see e.g. ||, Theorem 4.9], ]Brz2| , Theorem 4.6], [ |MM1| , Theorem 3.15], JMM2] , 
Theorem 3.9]). Here relative injectivity of the Hopf comodule algebra in question is assumed. 

The starting point of our work is an Observation that the proofs of all above theorems share a 
common philosophy. Related to a comodule algebra A of a Hopf algebra H over a commutative 
ring fc, there are forgctful funetors 



(1.2) 



Oft 



■an 



H 



■m 



If H is a projective fc-module then the codomain of the canonical map (1.1) is a projective A- 
modulc. Thon it follows from the surjectivity of the canonical map that its lifted version 



(1.3) 



can : A <g> A — > A <g> H, 



a<E>a' t— > ap A (a') 



has a fc-linear right inverse, i.e. it is a retraction of fc-modules. The various Schneider type theorems 
give sufficient conditions for the forgetful funetor U to reflect (certain) retractions. Then bijectivity 
of the canonical map (1.1) follows by a result of Schauenburg [Schal , Corollary 2.4.8] stating that 
- under the additional assumption that all -H-coinvariants of the obvious right ü-comodule A®)~ A 
are elements of A ®f, B - the canonical map is bijective, provided that its lifted version (1.3) is a 
retraction of TJ-comodules. 

In the present paper we introduce the notion of separability of a funetor U : 21 — > 58, relative to 
a funetor R : £H — > 21 (not to be mixed with separability of the second kind in [ CM ]). An M-relativc 
scparable funetor U reflects retractions in the sense that, for a morphism / in 91 such that UR(/) 
is a retraction, R(/) is a retraction. As it turns out, the conditions of all known Schneider type 
theorems imply the separability of the forgetful funetor U in (1.2), relative to R. 

Our strategy, of tracing back Schneider type theorems to prope rties of a forgetful funetor, can be 
compared to that of Caenepeel, Ion, Militaru and Zhu, when in flCIMZ they cxplained all known 
Maschke type theorems by the separability of a forgetful funetor. 

The motivation of our work comes from a wish to prove a Schneider type theorem for more 
general algebra extensions by a Hopf algebroid, rcplacing the Hopf algebra H above. A Kreimer- 
Takeuchi type theorem was proven in [Bö2|. In that paper similar methods have been used as in 
[3S|: the entwining strueture (over a non-commutative base), determined by a comodule algebra 
of a Hopf algebroid, has been studied. It turns out that this framework is not sufficient to obtain 
a Schneider type theorem for extensions by Hopf algebroids. Recall that a Hopf algebroid TL 
consists of two related coring (and bialgebroid) struetures, over two different base algebras L and 
R. The proper definition of an H-comodule consists of a compatible pair of comodules, one for 
each constituent coring. This rcsults in a monoidal category Wl H of 7i-comodulcs. By definition, 
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a right 7Y-comodulc algcbra is an algebra in VJl n . As in the Hopf algebra case, right modules in 
are called relative Hopf modules. Their category 971^ admits forgctful functors 

(1.4) m n^ m n^Um L . 

The fruitful approach to a Schneider type theorem for Hopf algcbroids turns out to be a study of 
these forgetful functors. 

The paper is organized as follows. In Section ^| the notion of a separable funetor U, relative to 
functors L : £ — * 21 and K : D\ — > 21, is introduced and investigated. Section || concerns relative 
scparability of a forgetful funetor 9Jt ü — > WIl, associated to an entwining strueture (A, T>,ip) over 
an algebra L. If T> possesses a grouplike element, relative scparability of the forgctful funetor is 
shown to imply relative injectivity of A as a 2?-comodule and, in the case when in addition the 



entwining map is bijective, also relative injectivity of A as an entwined module (see Theorem 3.2 
and Proposition 3^4 ) . In Section |J separability of the forgetful funetor U : dJl n — > 971 ^ , relative to 



the forgctful funetor K from the category of relative Hopf modules to the category of 7i-comodules, 



is studied, for a Hopf algebroid TL and its comodule algebra A, cf. (1.4). In the case when the 



antipode of TL is bijective, it is shown to be equivalent to relative injectivity of the 7Y-comodule 



A (see Theorem 4.2). This result enables us to answer a question posed in | BÖ2 |. That is, in 
Proposition 4.4 we prove that, in a Galois extension B C A by a fmitely generated and projective 
Hopf algebroid TL with a bijective antipode, A is faithfully hat as a left B-module if and only if it 
is faithfully flat as a right ß-module. The main result is a Schneider type theorem in Section 



Recall that Schneider's classical Theorem I in pchn deals with an algebra extension B C A by a 



fc-Hopf algcbra H with a bijective antipode. It is assumed that H is a projective fc-modulc and 



the canonical map (1.1) is surjective. Clcarly, in this case the lifted canonical map (1.3) is a split 
epimorphism of fc-modules. As a proper generalization to an algcbra extension B C A by a Hopf 
algebroid TL, in Theorem |5.6| we assume that some lifted canonical map is a split epimorphism of 
modules for the (non-commutative) base algebra L of TL. This assumption is related to surjectivity 



of the canonical map and some projectivity conditions in Rcmark 5.3. Under the assumption that, 
for an algebra extension B C A by a Hopf algebroid TL with a bijective antipode, the lifted canonical 
map is a split epimorphism of i-modules, the Galois property of the extension is related to relative 
injectivity of the 7i-comodule A and to the equivalence of the category 9Jt^ of relative Hopf modules 
to the category of B-modules. Section ^ is devoted to a study of (relative) equivariant injectivity 
and projectivity propertics. Prcliminary results about entwining struetures (over arbitrary non- 
commutative algebras), coring extensions (in the sensc of [ BrzSj ]) and Hopf algcbroids are collected 
in Appendix [X[ 

As an experiment, using informality of the arXiv, in this Submission corrections (with respeet 
to the first version) are written in blue. We hope it would be helpful to the readers of the original 
Submission. 

Throughout this paper the term algebra is used for an associative and unital but not necessarily 
commutative algebra over a fixed commutative ring k. Multiplication is denoted by juxtaposition 
and the unit element is denoted by 1. For an algebra A, the opposite algebra is denoted by A° v . 
The category of right (respectively, left) modules for an algebra A is denoted by OJIa (respectively, 
aOK). The set of morphisms between two A-modules M and M' is denoted by Hom^(M, M') 
(respectively, AÜom(M, M')). The category of A-A bimodulcs is denoted by a^Ra and its Horn 
sets by ^Hom^M, M'). 

For the coproduet in a coring C over an algebra A, we use a Swccdlcr type index notation 
c i ► c^ 1 ) <S)a c^ 2 \ for c G C, where implicit summation is understood. Similarly, for a right C- 
coaction we use an index notation of the form g M (m) = m' ' ®a tw- 1 ' , for m G AI. The category of 
right C-comodules is denoted by 9Jt c and its Horn sets by Horn (M,M'). Symmctrical notations 
are used for left C-comodules. The coaction is denoted by M g(m) = rrv~ l > ®a tw-°>, for a left 
C-comodule M and m G M. The category of left C-comodules is denoted by C OT and its Horn sets 
by c Hom(M, M'). 
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2. Relative separable functors 



Wc start by rccalling somc material about separable functors. For morc information we refer 
to fHS|, Chap. IX, page 307-312], [|WeJ Chap. 8, page 279-281] and JCMZ] . Throughout the paper 



we use the following terminology. A morphism / : C\ — > C2 in a category £ is said to be a split 
monomorphism or section if it is cosplit by some morphism h : C'2 — > C\ in £, i.e. /10 / = C\. 
Dually, / is callcd a split epimorphism or retraction providcd that it is split by some morphism 
g : C-2 -> Ci in £, i.e. / o 9 = C 2 . 

Definition 2.1. Lct £ be a category and let 5 be a class of morphisms in £. For a morphism 
/ : C\ — > C2 in £, an object P G £ is callcd f-projective if the map Homg^P, /) : Homg;(P, Ci) — > 
Hom^P, C2) is surjective. P is S-projective if it is /-projective for every / G <S. 

Dually, an object / G £ is callcd f-injective if it is / op -projective in the opposite category £ op , 
where f° v : C2 — > C\ is considered to be a morphism £ op . / is called S-injective if it is /-injective 
for every / € S. 

All results below about projective objects can be dualized to get their analogues for injective 
object s. 



Theorem 2.2. [Ar| Let H : 03 — > 21 be a covariant funetor and consider a class of morphisms 
(2.1) fjj := {g G 03 | H(<7) zs a sp/i£ epimorphism in 21}. 

Assume that T : 21 — > 03 is a ?e/t adjoint of H and denote by e : TEE — > 05 i/ie counit of the 
adjunetion. Then, for an object P G 55, the following assertions are equivalent. 

(a) P is £^-projective. 

(b) £p : TH(P) — > P is a split epimorphism. 

(c) There is a split epimorphism n : T(X) — * P, for a suitable object X G 2t. 
In particular, all objects of the form T(X), for X G 2t, are E^-projective. 



In [Ar| also a dual version of Theorem [2^ can be found. It deals with 2r-injective objects in a 
category 21, for a left adjoint funetor T : 2t — >■ 05, and 

2t = {/g21|T(/) isa split monomorphism in 05}. 

Using the current terminology, relative injective right comodules of an A-coring C, discussed in 



Section A.2 , can be characterized as Tm-in jective objects, where U : 9Jl c — ► 9JIa denotes the 
forgetful funetor. As recalled in Section |A.2| , the forgctful funetor U possesses a right adjoint, the 
funetor • (Sa C. The unit of the adjunetion is given by the C-coaction. Thcrcforc, the dual version 



of Theorem 2.2 (a)<^> (b) includcs the claim, recalled in Section A.2, that a right C-comodule M is 
relative injective if and only if the coaction g M in it is a split monomorphism in 97t c . 

Since any covariant funetor preserves split epimorphisms and split monomorphisms, we imme- 
diately have that, for any two functors F : 21 — > 05 and G : 05 — > £, 

(2.2) £ ¥ C £ G¥ and lw C 1 G¥ . 

As explained in the Introduction, in the arca of Schneider type theorems one often faces the 
following problcm. Consider an entwining strueture (A, T>, tjj) over an algcbra L. Assume that some 
map in 9Jt^(V') (practically the canonical map) is a retraction in 9JIl. Undcr what assumptions 
is it a retraction also in ÜJl v ? Putting the question in a more funetorial way, we can ask in 

äition |j 



which cases is £ ¥ = £ GW , for the forgetful functors F : 3fä(i>\-* M v and G : Wl v -> Wl L . For 



these particular functors F and G, property 1) in Proposition |2.3| b elow reduecs to a simila r (but 



somcwhat weaker) assumption as in a Schneider type t heo rem [pS| , Theorem 5.91 (see also [ Brz2 



Theorem 4.6]). Properties like in part 2) of Proposition 2.3 are assumed e.g. in [BSl Corollary 4 



PROPOSITION 2.3. For two functors F : 2t — > 05 and G : 93 — > €, £ ¥ = £qv whenever any of the 
following properties hold. 

1) F (A) is £c-projective, for every object A G 2t. 

2) 21, 03 and £ are abelian categories, G is left exaet and reflects epimorphisms, F is left exaet 
and F (A) is T&- injective, for every object A G 21. 
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Dually, 2f = Zgf whenever any of the following properties hold. 
l op ) F {A) is Tt&-injective, for every object A G 21. 

2 op ) 21, 95 and £ are abelian categories, G is rig/if exaci anrf reflects monomorphisms, F is right 
exact and F (A) is £m-projective, for every object A G 21. 

Proof. 1) Lct / : A\ — > A 2 be a morphism in £gf- Thcn F (/) : F (A\) — > F (A2) bclongs to £jj and 
hence, by hypothesis, it is a split cpimorphism. Thus / G £p. 
2) For / £ £gf, consider the exact sequence (kernel diagram) 

-> X Ai A 2 
in 21. The left exact functor F takes it to the exact sequence 

¥(i) ¥(f) 

> F (K) — 4. F (Ai) — IV F (A 2 ) 

in 25. Since / is an element of £gf, the morphism GF (/) is a split cpimorphism. Sincc G is lcft 
exact and £ is an abelian category, the sequence 

. GF (K) GF (A 1 ) GF (A 2 ) 

in £ is split exact. Thus wc dcducc that i G 2gf- Morcovcr, sincc G reflects epimorphisms, F (/) 
is an epimorphism. So the sequence 

W(i} Fffl 

^ F (K) —V F (Ai) F (A 2 ) 

in 05 is exact too. Since i is an element of Xgf, its image ¥(i) is in 1q. By assumption F (K) is 
ZG"i n jective hence the monomorphism F (i) is split. Since 05 is an abelian category, we conclude 
that F (/) is a split epimorphism, i.e. that / G £f. 

Claims l op ) and 2°p) follow by duality. □ 

The most important notions of this section are introduced in the following definition. 
Definition 2.4. Consider the following diagram of funetors. 

u 

They give rise to two funetors 

Hom a (lL(«) ,R(«)) and Hom s (UL(>), UR(«)) : £ op x 9t -> Sets 

and a natural transformation between them 

(2.3) $(U,L,R) : Hom a (L (•) , M (•)) -> Horns (UL(«), UR(»)), $(U, L, M) L.nif) ■= U(/), 

for all objects Le£,fieSR and for every morphism / : L(L) — > R(i?). We say that 

1) U is (L,M) -faithful if <1>(U, L, R)l,r is injective, for every objects L G £ and i? G 9t. 

2) U is (L, R)-full if $(U, L, R)/,,« is surjective, for every objects L G £ and i? G 9t. 

3) U is (L, M)-separable if <fr(U, L,R) is a split natural monomorphism. 

4) U is (L, M.)-coseparable if $(ü, L, R) is a split natural epimorphism. 

When both L and R are identity funetors, we recover the classical defmitions of a faithful, füll, 
separable and naturally füll (here called coseparable) functor. We are particularly interested in 
the case when either L or R is the identity functor. Anyway, some of our results can be stated for 
the general case. 



6 



A. ARDIZZONI, G. BÖHM, AND C. MENINI 



Remark 2.5. Following Rai, page 1446], one can prove that Definition 2.4 3) can be reformulated 



(in the spirit of a characterization of separablc functors in [NW]) as follows. A functor U : 21 — > 93 
is (L, R)-separable, for some functors L : £ — > 21 and R : SH — > 21, if and only if there is a map 

$(U,L,R) L ,fl : Hom s (UL(L),UR(i?)) Hom a (L(L), R(Ä)), 
for all objects Lg£ and i? G 9t, satisfying the following identities. 

51) 5(ü,L,R) iiß (U(/)) = /, for any fj Hom a (L(i), R(Ä)). 

52) $(U,L,R) L ^(/i') o L(Z) = R(r) o $(U,L,R) Ljfl (/i), for every commutative diagram in 53 
of the following form. 

UL(L) ^ UR(fi) 

UL(;)| |m(r) 
UL(L') UR(i?') 

Remark 2.6. Recall that faithful functors reflect mono, and epimorphisms. Analogously, for an 
(L, R)-faithful functor U the following hold true. 

1) Assume that R is surjective on the objects and let / : A — ► L(L) be a morphism in 21. 
Then / is an epimorphism whenever U(/) is. 

2) Assume that L is surjective on the objects and let / : R(i?) — ► A be a morphism in 21. 
Then / is a monomorphism whenever U(/) is. 

In the rest of the section we extend some Standard rcsults about separable functors to relative 
separable functors in Definition |2.4| 3). Analogous results can be obtained for coseparable functors 
by a careful dualization. 

Theorem 2.7. Consider the following diagram of functors. 

C 

«t 

03 

TTie following assertions hold true. 

1) 7/U is (L, M.)-separable then U is (LL', RR')-separaö/e. 

2) J/U is (L,R) -separable andY is (UL, UR)-separa6te i/ien VU is (L, R) -separable. 

3) J/VU is (L,R)-sej9ara6?e t/ien U is (L, R)-separa6/e. 



Proof. The proof is similar to CMZ, 1.3 Proposition 46 and Corollary 9]. 

1) Since U is (L, R)-scparable, there exists a natural retraction $(U, L, R) of the natural trans- 
formation (^.3|) . For any objects V G £' and i?' G 91', the maps 

$(U,L,R) L / (L0 , E / (fl0 : Horns (ULL'(L'), URR'(i?')) Hom a (LL'(L'), RR'(-R')) 
definc a natural transformation which is a retraction of <ä>(U, LL', RR'), defined analogously to 



(2.3) 



2) The natural transformation 
(2.4) $(VU,L,R) : Hom a (L(.), R(.)) -> Hom £ (VÜL(«), VUR(«)), f^YÜ(f) 
is a composite of the split natural monomorphisms $(U, L, R), corresponding via (2.3) to the 



(L, R)-separable functor U, and <&(V, UL, UR), corresponding to the (UL, UR)-separable functor 



V. Hence (2.4) is a split natural monomorphism too, proving (L, R)-separability of VU. 



3) Sincc the functor VU is (L, R)-separablc, the corresponding natural transformation (2.3) pos 



sesses a retraction $(VU, L, R). The composite $(VU, L, R) o $(V, UL, UR) is a natural retraction 



of $(U,L,R) in (2.3). □ 



Theorem 2.8 (Maschke type Theorem). Let U : 21 23, L : £ -> 21 and R : 9t -*■ 2t &e functors. 
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1) IfU is (21, M)-separable then, for any objects R G 2t and A G 21, a morphism f : R (i?) — > A 
is a sp/i£ monomorphism whenever U (/) is a sp/ii monomorphism. Moreover, in this case 

Zr = Zur ö^rf £r = fiuK- 

2) F/U is (L, $l)-separable then, for any objects Lg£ and A G 21, a morphism f : A — > L (F) 
is a splii epimorphism whenever U (/) is a sp/i£ epimorphism. Moreover, in this case 

Z]L = %UL an d £tL = £l]TL- 

Proof. Let A, R and / bc as in part 1). Lct $(U, 21, R) be a natural retraction of $(U, 21, R) in 
([2.3|). In view of 52) in Remark pTS, any retraction ir of U (/) satisfies 



$(U,2l,R)A,ß(7r)o/ = R( J R). 

That is, / is a split monomorphism. In particular, / := R(g) is a split monomorphism, for any 
g G Zur. Togcthcr with (2.2) this proves Zur = Zr. Next take a morphism g : R — > F' in £ur, and 
a section er of UR(#). Then, by naturality of $(U, 21, R), 

R (ü') = $(U, 21, R) r(ä0jÄ ; (UR (#)) - *(U, 2t, R) r(ä0jÄ / (UM (3)0,7) = R Q?)o$(U, 21, R) R(infl (tr) . 

This implies that R (g) is a split epimorphism, i.e. g G £r. In view of (2.2), we have £r = £"ur 
proven. 

Part 2) is proven by dual reasoning. □ 

Corollary 2.9. Let (T, H) be an adjunetion of funetors T : 21 — > 23 and H : 05 — > 21. For any 
funetors L : £ — > 25 and R : 2t — > 2t, the following hold. 

1) // the funetor H is (L, *B)-separable then L (F) is E^-projective for every L G £. 

2) // t/ie funetor T is (2t, M)-separable then R (F) is Xj-injective for every R G 21. 

Proof. Let 77 : 2t — ?• HT be the unit and £ : TH — » 25 be the counit of the adjunetion (T, ET). 



1) For any object F G £, the epimorphism H(e L (M) is split by ?/hl(L)- Hence, by Theorem 
2), £l(L) i ß a split epimorphism in 25. By Theorem 2J2 (6) =>■ (a), L(L) is £h- projective. 

2) For any object R G 2t, the monomo rph ism T(?7R(m) is split by £tr(ü)- Hence the claim 
follows analogously to part 1), by Theorem |2.§| 1) and a dual form of Theorem Ifl. □ 

In the following theorem funetors preserving and rcflccting relative projective (resp. injective) 
objects are studied. 

Theorem 2.10. Let (T,H) and (T',H') be adjunetions and consider the following (not necessarily 
commutative) diagrams of funetors. 

¥' ¥' 

2t *~ 21' 21 »- 21' 

tJ |t' |h m'\ 
25 25' 25 >■ 25' 

F F 

lf T'F' and FT are naturally equivalent, then the following hold. 

1) lf an object P in 25 is 8^- projective then F(F) is £gi -projective. 

2 op ) Assume that F' is (2t, R)-separable for some funetor R : 21 — ► 21. If, for an object R G 2t, 
the object F'R (F) is lf -injective, then R (F) is Zf- injective. 
If F'H and H'F are naturally equivalent, then the following hold. 
l op ) If an object I in% is Xf -injective, then F'(i) is Xf -injective. 

2) Assume that F is (L, 25) -separable for some funetor L : £ — ► 25. //, for an object L G £, 
i/*e object FL (F) is £^1 -projective then L (F) is Z^-projective. 

Proof. Denote by n : 21 — > HT the unit and by e : TH — > 25 the counit of the adjunetion (T, H). 

1) By Theorem (a) =>■ (b), ^H-projectivity of P implies that ep : TH(F) — > F is a split 
epimorphism. Hence alsoF(ep) : T'F'H(F) ~ FTH(F) — > F(F) is a split epimorphism. Application 
of Theorem 2.2 (c) => (a) to the adjunetion (T', H') completes the proof of ^H'-projectivity of F(F). 

2) For any object F in 25, the monomorphism ??e(P) is split by M(ep). Hence F'H(ep) is a split 
epimorphism. By the natural equivalcncc F'H ~ H'F, also H'F(ep) is a split epimorphism, yielding 
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that F(ep) : FTH(P) — > F(P) belongs to £u>- In the case when F(P) is fk'-projective, we conclude 
that F(ep) is a split epimorphism in 03'. Now put P = L(L), such that FL (L) is £n'-projective 
as in the claim. Then, by Theorem 2.£ 2),sul) is a s PÜt epimorphism in 03 and hence L (L) is 
fn-projective by Theorem 2J2 (b) => (a). 

The remaining claims l op ) and 2 op ) follow by dual reasoning. □ 

Lct (T, H) be an adjunetion of functors T : 2t -> 03 and H : 03 -*■ 2t. Denote by e : TH — > 03 
and 77 : 52t — > HT the counit and the unit of the adjunetion, respectively. Consider the canonical 
isomorphism 

(2.5) <j> AtB : Horn« (T (A) , B) - Hom a (A,M(B)), <f> A ,B (/) = H (/) o VA 
with inverse 

^ B : Hom a (A,H(ß)) Horns (T (A) , B), <^ B (g) = e B °T(g) . 

In terms of the natural transformations (^^) and ([2 .5p, for any functors L : £ — > 21 and R : 9t — ► 21, 
dehne a natural transformation 

O := 0o$(T,L,M) : Hom a (L (•) , K (•)) -> Hom a (L(»), HTR(»)). 

Thon, for every morphism / : L (L) — > R (i?) , onc has 

(2.6) Ü L , R (/) = HT (/) o = m{R) o f. 

Dually, for functors L : £ — > 03 and R : 91 — > 03, there is a natural transformation 

ö := ^T 1 o$(H,L,R) : Hom a (L (•) ,R (•)) -> Hom a (THL(«), R(»)), 
mapping a morphism / : L(L) — > R(i?) to 

ÖL,fl(/)=%(ü)oTH(/) = /o £L(£) . 

Lemma 2.11. On the category of functors and natural transformations consider the following end- 
ofunetor a. It maps a funetor F : 2t — > 03 to the funetor Horns (•, F(»)) : 03 op x 21 — > Sets, and it 
maps a natural transformation o~ G Nat (F, G) Hom<g(t, a m ), i.e. 

a(a) B , A ■ Horns (B,¥(A)) -* Horns (£,G(A)), 5 ^ ct a o.9- 
TTie funetor a is fully faithful. 
Proof. The bijectivity of the maps 

a FjG : Nat(F, G) -> Nat (Horns («, F(«)), Horns («, G(«))) er h-> a(<x), 

for any functors F, G : 21 — > 03, is proven by construeting the inverse (o;f,g) _1 (P)a := Pf(A),a(F(^4)), 
for P G Nat(Homs(», F(»)), Homs(», G(»))) and A G 2t. It is straightforward to check that the 
naturality of V (i.e. the identity G(a) o Vb,a{9) ° b = Vb'.A' (F(a) o g o b) , for a G Hom a (A, A'), 
ö G Homs(P',P) and 5 G Horns (£>, F(A))) implies the naturality of (ctF.c) -1 ^)- Furthermore, 
(keeping the notation), 

a ¥yG (( a¥fi )- 1 (V)) B A (g) = (a F) G) _1 (P)A °5 = Pf ( a).a(F(A)) o g = V b ,a(9), 

where the last equality follows by the naturality of V. Also, 

(awfi)~ 1 (av,G{o-)) A = otw,G(cr)v(A),A(^(A)) = va, 

what completes the proof. □ 

Theorem 2.12. Let (T,H) be an adjunetion of functors T : 2t — > 03 and H : 93 — ► 21, with unit r\ 
and counit e. Consider any funetor R : 9t — > 21 and a funetor L : £ — » 2t which is surjective on the 
objects (e.g. the identity funetor L = 2tJ. Then the following assertions hold. 

1) T is (L, R) -faithful if and only if it is (2t, R) -faithful and if and only ifrjB.rn) is a monomor- 
phism, for every object fieW. 

2) T is (h,~R)-full if and only if it is (21, M.)-full and if and only ?/?7r(r) is a sp/ii epimorphism, 
for every object R G 91. 
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3) (Rafael type Theorem) T is (21, R) -separaö/e if and only if 7Jr(.) is a split natural monomor- 
phism. 

4) (Dual Rafael type Theorem) T is (^H,M.)-coseparable if and only i/r/R(») is a split natural 
epimorphism. 

Proof. Recall that the natural transformation cf> in (|2.E|) is an isomorphism. 



1) (L, R)-faithfulness of T, i.e. injectivity of the natural transformation <J>(T, L, R)^ ,r in (2.3), 
for every object Lg£ and R £ 91, is equivalent to injectivity of VL LR , for every L £ £ and R £ 91. 
Since L is surjective on the objects, in light of ( |2.6| ) this is equivalent to saying that ?7r(#) is a 
monomorphism for every i? G 91. 



2) (L, K)-fullncss of T, i.e. surjectivity of the natural transformation $(T, L, ~R)l,r in (2.3), for 
every object L £ £ and i? 6 9t, is equivalent to surjectivity of Ql,r, for every L £ £ and i? e 9t. 
Let us prove that this is equivalent to saying that rfg^g) is a split epimorphism for every R £ Dl. 
In fact, since L is surjective on the objects, for every R £ 91 there exists an object L £ £ such 
that HTR(i?) = L(L). Thus if ü LtR is surjective then, by HTR(i?) £ Hom a (HTR(i?), HTR(Ä)) = 
Hom a (L(L),HTR(i?)), there exists er £ Hom a (L(L), R (R)) such that i lR{R) o er = HTO(i?). Con- 
versely, let 5 be any morphism in Homa(L(L),HT]R(i?)), for some L £ £ and i? G 9t. Let er be a 
section of rj R{R) . Dehne / € Hom^L (L) , R (i?)) by /:= er o g. Then fi L , fl (/) = ij R{R) o f = g. 

3) (2t, M)-separability of T, i.e. natural cosplitting of $(T, 21, R), is equivalent to natural cos- 
plitting of n. N ote that is the image of the natu ral t ransformation ?7k0) under the funetor a 



in Lemma 2.11 . Hence the claim follows by Lemma 2.11 , as a fully faithful funetor preserves and 
rcflccts split monomorphisms. 

4) (21, R)-coseparability of T, i.e. natural Splitting of <&(T, 21, R), is equivalent to natural Splitting 
of il. Hence this claim follows by the same argument as 3) does, as a fully faithful funetor preserves 
and refiects split epimorphisms as well. □ 

Dually, one proves the following result. 

Theorem 2.13. Let (T,H) be an adjunetion of funetor s H : 21 — > 03 and T : 03 — > 21, wii/i ttmt 77 
anrf counit e. Consider any funetor L : £ — > 21 and a funetor R : 91 — * 2t which is surjective on the 
objects (e.g. the identity funetor R = 21J. TTien i/ie following assertions hold. 

1) H is (L, R) -faithful if and only if it is (L, 2t) -faithful and if and only i/£L(£) *s epimor- 
phism for every object L £ £. 

2) H is (L, R) -/m/Z i/ and only if it is (L, 2t) -füll and if and only i/£L(L) * s a split monomorphism 
for every object L £ £. 

3) (Rafael type Theorem) H is (L, %l)-separable if and only if £jl(«) * s a spfö natural epimor- 
phism. 

4) (Dual Rafael type Theorem) H is (L, 2t) -coseparable if and only i/eL(») is a spZii natural 
monomorphism. 



A notion somewhat reminiscent to our relative separability of a funetor was introduced in [CM] 
under the name of separability of the second kind. Our next task is to find a relation between the 
two notions. 



Definition 2.14. Let R : 2t -> 2t' and T : 21 -> 93 be covariant funetors. Following |CM 



Definition 



2.1] and using the notation introduced in (2.3), T is called W-separable of the second kind if the 



natural transformation $(R, 2t, 21) factors through $(T, 21, 21). 

Proposition 2.15. Let (T, H) and (T',H') be adjunetions with respective units n and rf . Consider 
the following diagrams of funetors. 

2t -2t' 21 -21' 



J,T' |H H'j 



93 93' 93 93' 

The following assertions are equivalent. 
(a) T is R-separable of the second kind. 
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(b) There exists a natural transformation v : RHT — > R, satisfying va ° 
any A £ 21. 

Assume that there exists a natural equivalence £ : H'T'R — > RHT such that 

(2-7) £°< ( .)=KM- 

TTien the following assertion is also equivalent to the foregoing ones. 

(c) T' is {%' ,R)-separable. 



a) = R(A), for 



Proof. (a) (b) This equivalence was proven in CM, Theorem 2.7] 



(b) (c) This equivalence follows by Theorem 2.12 3), in view of (2.7) 



□ 



3. Application to entwining structures 



As it is recalled in Section [A3| , a coring V over an algebra L is said to be a right extension of 
a coring C over an algebra A provided that C is a C-V bicomodule, via the lef t reg ulär coaction. 
Under the additional assumption that the coring extension is pure (cf. Section |A3| ), there exists 
a fc-linear funetor R : 97t c — > Wl v , making the following diagram, involving four forgctful funetors, 
commutative. 



(3.1) 



97t c 



■ 97t 1 






The funetor R was explicitly construeted in [Brz3], cf. Section A3. In this section we study pure 
coring extensions, especially those ones which arise from entwining structures, cf. Section [A.5| . We 
focus on the problem of (97t 15 , R) -separability of the funetor V v in Figure (3.1). 

The following first result is an easy generalization of [Brzl, Corollary 3.6] to pure coring exten- 
sions. 

Proposition 3.1. Consider an L-coring T> which is a pure right extension of an A-coring C, 
and the corresponding funetors in Figure ( |3.l| ). The forgetful funetor U ü is (97t ü , M.)-separable if 
and only if the right V-coaction tc in C is a split monomorphism of left C-comodules and right 
V-comodules. 



Proof. The funetor \J V possesses a right adjoint, the funetor • ®l T> : 97ti — > 97t p (cf. |BW| , 
18.13]). The unit of the adjunetion is given by the 2?-coaction r. Hence, by Theorem 2.12 3), V v 
is (97t' D , R)-separable if and only if there exists a natural retraction v of tr(.). Thcrcfore if U ü is 
(97t D , R)-separable then in particular tq possesses a right 2?-colinear retraction vq. We claim that 
vq is also left C-colinear. Indeed, for any right A-module N and n G N, the map C — » N ®a C, 
c n (&A c is right C-colinear. Hence by the naturality of v, 

VN® A c(n®c®d) = n®v c (c®d), 

A L A L 

for n € N, c £ C and d G T>. In particular, taking N = A, we conclude on the left A-linearity 



of i>c- Furthermore, a right C-coaction g M : m \— » mP' 
hence the naturality of v implies 

P M (vm (m<E)d)) = v M ® A c (p M (m) ® d) , 

for any C-comodule M, m £ M and d £ T>. Thcrefore 

v M {m®d) [0] ®v M {m®d) [1] = m [0] ® v c {m [1] ® d). 

L A L A L 

Taking M = C we have the left C-colinearity of Vc proven. 



A rw- ' (being coassociative) is C-colinear, 
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Conversely, let v be a left C-colinear right £>-colinear retraction of tq . The natural transformation 
v is constructed as follows. For any right C-comodule M, put 

(3.2) u M ■ M g)0 M, m(g)d^m [0] e c oi>(m [1] ®d). 

Its naturality is obvious. It follows by the P-colinearity of a C-coaction p M that um is a retraction 
of tm- rn i ► mm] ®>l "i[i]- Indeed, 

um ° TM(m) = m[ ]'°'ec ° &(m[Q]^ ® = m'°'ec ° ^ tc(to^) = m. 
It remains to check the 2?-colincarity of um- For m ®£ d € M ®£ T>, 
tm ° u M {m®d) = (m [0l e c o ü(m [1] ®d)) [Q] <g (W 0] e c ° i>(m [l1 »d)),^ 

= (m [0] e c o P( m W ® d)) £ c ( (™ [0] ec ° *>(™ [1] (8 d)) W ) ® ( m[ ° ] e c 11 ® d)) W 

z, -L [0] £ i< 

= m [0l e c ((m [11 e c o ü(m^ ®d))r ,) ® (m [11 e c ° ^(m' 2 ' ®d))m 
= m [0l e c (i>(TO [l1 ®d) [0 ]) ® ® d)[i] 

= m [0] e c o £>(77z [l1 ®d(i))(g) d {2 ) = {vm®V) o (M ® Ax>)(m d), 



where the second equality follows by the explicit form of the functor R, relating tm to g AI , cf. ( A.6 ), 
the third one follows by the right A-linearity of a C-coaction, and the fourth and fifth equalities 
follow by the left C-colinearity and the right 2?-colinearity of ü, respectively. □ 



If the two corings C and T> are equal and K is the identity functor, then Proposition 3.1 reduces 



to [Brzl, Corollary 3.6]. More generally, if C and V are corings over the same base algebra A 
and the right A-actions of the ^4-coring C and the right 2?-comodule C coincide, then T> is a right 
extension of C if and only if there exists a homomorphism of ^4-corings k : C — ► T> (in terms of 
which the P-coaction on C is giv en by tq := (C <E>a k) ° Ac), cf. | BB3 , Corrigcndum] . In this case, 
using the same methods in [Brzl, Corollary 3.6], the map tq is checked to be a split monomorphism 
of left C-comodules and right £>-comodules (i.e. the functor U ü in Figure (3.1) is checked to be 
(SETI 1 ', R)-separable) if and only if there exists an A-A bimodule map u : C a T> —> A, such that 

9o(C®/t)oA c = e c and k o (C ® P) o (A c ® 2?) = (P<g> 2?) o (C ® Ad). 

A A A A A 

This extcnds [ |Brzl , Theorem 3.5]. On the othcr hand, for an arbitrary pure coring extension D of 
C, |Brzl, Corollary 3.6] to geth er with Theorem |2.7| 1) implies that if V is a coseparable coring then 
the functor \] v in Figure ( |3.l[ ) is (9Jt T ', M)-separable. This fact follows alternatively by Proposition 
3.1: if £ is a T>-T> bicolincar retraction of A-p, then (C (8>l e-p ° C) ° ( t c ®l 2?) is a C-T> bicolincar 
retraction of tq. 

Note that, by Corollary |2.9| 2), for any pure coring extension V of C, QM V , ffi)-separability of 
Ü 17 implies in particular that every right C-comodule is relative injcctive as a right X>-comodule. 
In what follows we turn to analyzing more consequences of (9JI 1 ', R)-separability of U ü , for coring 
extensions arising from entwining structures {A, T>,ip) over an algebra L. As the main results 
of the section, Theorem 3.3 and Proposition [O] show that if ip is bijective and there exists a 
grouplike element in V, then (OJl 25 , R)-separability of U ü implies that A is relative injective also 
as an entw ined module. A key notion of our study is the following generalization of Doi's total 
integral in [[> 



Definition 3.2. Let (A, T>, ip) be an entwining structurc over an algebra L. Assume that T> 
possesses a grouplike dement e so that A is a right Ü-comodule with coaction a <— ► ip(e ®l a), cf. 
(A.7). A right P-comodule map j : T> — * A, satisfying the normalization condition j(e) = 1a, is 
called a right total integral. 

In a bijective entwining structure (A, T>, ip) over an algebra L, such that T> possesses a grouplike 
element e, a left total integral is defined as a right total integral in the L op -entwining structure 
(A op , T> cop , ip^ 1 ). This is the same as a left £>-comodule map j : V — > A, with respect to the 
coaction a t— > i/j (a ®l e), cf. (A.8), satisfying the normalization condition j(e) = 1a- 



[i] 
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Consider an entwining structure (A, V, ip) over an algebra L, and denote by C the associated 
^4-coring A®l,T> (cf. Section |A.5|). Consider the following diagrams of functors 



(3.3) 



T=ü c | 

Wl A 



H'=« 



Ml 



wherc T = U C ,T' = U and R arc forgetful functors (cf. Figure (Q). Note that (T,H) and 
(T',H') are adjunction s an d the respective units r\ and rj are given by the right 2?-coaction, in 
both cases (cf. Section AJ2). Hence they satisfy R(r/.) = Vr<»)- 

Theorem 3.3. Let (A,T>,ip) be an entwining structure over an algebra L. Consider the functors 
in Figure ( |3.3| ). The following assertions are equivalent. 

(a) T = U c is M.-separable of the second kind. 

(b) There exists a natural transformation v : MHT — > R. satisfying vm ° ^(i]m) = M(M), for 
any M £ 

(c) TT" = U ü is (pi v \R)-separable. 

(d) There exists a morphism 9 6 i,Homi(2? (g)i,T),A) satisfying, for all d, d' G T>, 

(3.4) 9{d®d[ x) )®dL ) =$(d( V )®Q(d(2)<&d')) and 6{d {1 ) ® = Va ° e v (d). 

If these equivalent conditions hold, and in addition there exists a grouplike dement in T>, then there 
exists a right total integral in the L-entwining structure (A,T>,ip). 



Proof. The equivalence of assertions (a), (b) and (c) is a consequence of Proposition 2.15| . 

The equivalence of assertions (a) and (d) is proven by an easy extension to non-commutative 



basc of arguments in CM, Proposition 4.12], about entwining struetures over commutative rings. 



Assumc that there exists a grouplike dement e in T>, hence A is a right £>-comodulc with coaction 



(A.7). In this Situation the map 



J 



V -> A 



9{e®d) 



is right X'-colincar and satisfies t he n ormalization condition j(e) 
integral in the sense of Definition 3^ . 



1a- That is. j is a right total 

□ 



Note that, following the pro of o f CM . Proposition 4.12], a bijective correspondence can be 
obtained between maps 9 as in (3.4) and left C = (A ®£ £>)-colinear right £>-colinear ret ract ions 
of the Ü-coaction A £g>£ A-p. The explicit relation is given by the samc formulac as in [CM], in 
the paragraph preceding Proposition 4.12. Since in view of Proposition 3.1 the existence of a left 
C = (A ®l 2?)-colinear right £>-colinear retraction of the £>-coaction A ®l Ap is equivalent to 
assertion (c) in Theorem 3.3, in [CM, Proposition 4.12] implicitly also the equivalence of assertions 



(a) and (c) in Theorem 3.3 is proven. 

In contrast to [ CM ] , in the current paper the term total integral is used only in the more restricted 
sense of Definition 3.2. 



The following proposition extends [BB1, Proposition 4.2]. It clarifies the role of total intcgrals 
in bijective entwining struetures with a grouplike element. For the notion of coinvariants, with 
respect to a grouplike element in a coring, consult Section |A.2[ 



Proposition 3.4. Consider a bijective entwining structure (A,T>,ip) over an algebra L, such that 
there exists a grouplike element e in T>. Let C := A®lT) be the associated A-coring. The following 
assertions are equivalent. 

(a) A is a relative injective right (resp. left) C-comodule. 

(b) A is a relative injective right (resp. left) T>-comodule. 

(c) There exists a right (resp. left) total integral in the entwining structure (A,T>,ip). 

Lf these equivalent conditions hold then B := A coC = A coTl is a direct summand of A as a right 
(resp. left) B-module. 
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Proof. (a) => (b) For a relative injective right C-comodule M, the right Ü-coaction has a right 
A-lincar right 2?-colinear retraction. Hence it is a relative injective right T> -comodule. 

(b) =>• (a) Assume that A is a relative injective right P-comodule. Similarly to the proof of 



[ ßS| , Lemma 4.1], in terms of a right 2?-colinear retraction va of the P-coaction (A.7) in A, a right 
C-colinear retraction is given by 

p A o [^a(1a<8>«)<8>^] ° tp' 1 ■ A®V -> A 



The equivalcncc (b) <=> (c) was provcn in [BB1, Proposition 4.2], as follows. To a right P-colinear 
retraction va of the D-coaction ( |A.7| ) in A, one associates a right total integral j : d i— > ^(La®/, d) 



Conversely, in terms of a right total integral j, a right 2?-colinear retraction of the 2?-coaction (A.7) 
in A is constructcd as va '■= Ha ° (j ®l A) o 

It remains to prove the last statemcnt. By propcrty (a), the right C-coaction in A is a split 
monomorphism in 97l c . Taking the C-coinvariants part (with respcct to the grouplikc Clement 
1a ®l e) of its retraction, we obtain right -B-linear retraction of the inclusion B — > A. 

In order to prove the claim about the left comodule strueturcs, the samc arguments can be 
applied to the entwining strueture (A op , C cop , over the algebra L op . □ 

The following Lemma is a simple generalization of |S^, Lemma 4.1]. 

Lemma 3.5. Let C be an A-coring possessing a grouplike element g. Assume that A is a relative 
injective left C-comodule via the coaction a t— > ag, determined by g. Denote by B: = A coC the 
coinvariants of A with respect to g. Then the unit of the adjunetion (• (&b A, (•) ), i.e. the 



natural transformation (A.l), is an isomorphism 



Proof. Let M be a relative injective left C-comodule and vm be a left C-colinear retraction of the 
coaction p. Introduce a further map £ M : M — ► C <E>a M, m>—>g ®a m - We claim that 

m p 

M < ' C®M 

lvl >. A 

e< 

is a contractible pair in s97l. Clearly, all morphisms M p, £ M and vm are left B-linear. By definition 
vm o ri p = M. Hcnce we concludc after observing that, for m G M, 

M po v M o i M (m) = v M {g ® m) ®v M (g® m) [0] = g ® v M {g®m) = £ M o v M ° £ M (m) , 

A A A A A 

where in the second equality the left C-colincarity of vm has been used. In particular we deducc 
that the equalizcr of A p : A — > C, a i— > and £ A : A — » C, a i— > ga cosplits in sSOt. Hence it is 
preserved by the funetor N ®b • : ßSt — > SUlfc, for any right £?-module N. Recall that A is a right 
C-comodule with coaction £ A and iV ®b A is a right C-comodule with coaction N ®b £, A ■ Thcrefore 

(N®A) coC = Ker(A® A p-N®£ A ) = N ® Ker( A p — £ A ) = N ® B = N. 



This proves that (A.l) is a natural isomorphism, as stated. □ 



The following proposition formulates a funetorial criterion for a coring with a grouplike element 
to be a Galois coring. 

Proposition 3.6. Let C be an A-coring possessing a grouplike element g. Denote by B := A coC 
the coinvariants of A with respect to g. Consider the adjunetion (• ®b A, (•) coC ) in Section A.H 



and the canonical map can : A ®s A — > C in (A3). The following statements hold 



1) can is an epimorphism if and only if the funetor (») coC is (• <S)a C , Q7l c ) -faithful. 

2) can is a split monomorphism if and only if the funetor (») coC is (• ®a C 7 DJl c ^j-full. 

In particular, C is a Galois coring if and only if the funetor (•) coC is (• <8u C, 3Jt c ) -fully faithful. 

Proof. Denote the counit of the coring C by e. For any right A-module M, the counit n of the 
adjunetion (• (g> B A, (») coC ) (cf. ([Ä~2])) is subject to the equality of maps (M (E) A C) coC ® B A -> 
M® A C, 

(M (gi can) o (M<g>e(g)A) = n M ® A c- 

A AB 
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Since the restriction of M <E>a e is an isomorphism (M ®a C) 



ruC 



Theorem 2.13 1) and 2), respectively. 



M ®a A, the claims follow by 

□ 



4. COMODULE ALGEBRAS OF HOPF ALGEBROIDS 

Considcr a Hopf algebroid TL, with con stitu ent lcft bialgebroid TLl over the base algebra L and 
right bialgebroid TLr over R (cf. Section A.S), and a right 7i-comodule algebra A (cf. Appendix 
A.14 ). Recall (from Section A.lOj ) that latter means a right 7Yß-comodule algebra and right TLl- 



comodule algebra A, with coactions a 



in a} 1 ' and a t— * api ®l OHi], respectively, related 
as in (A.16). Recall (from Appendix A.18) that if the antipode of TL is bijective, then the right 
H-comodule algebra structure of A is equivalent to a left H-comodule algebra structure of A op '. 
Consider the forgetful functors 



(4.1) 



■ m n L 



Wir 



In this section wc study relative separability of U with respect to VI 
UV with respect to TBL 



and relative separability of 



Theorem 4.1. Consider a Hopf algebroid TL, with constituent left bialgebroid TLl, right bialgebroid 
TLr and antipode S. For a right TL-comodule algebra A, the following assertions are equivalent. 



(a) There exists a right total integral in the (bijective) L-entwining structure (A.19) with grou- 
plike dement 1h, i.e. a morphism j G Horn L (H, A), normalized as j(lij) = 1a- 

(b) A G SEJI Wl is T\j- injective (i.e. A is a relative injective right TLh-comodule) . 

(c) Any object in the image of VM is Tjj-injective (i.e. injective with respect to \J). 

(d) The functor U is (WI Hl , YR)-separable. 

If the antipode of TL is bijective then the following statements are also equivalent to the foregoing 
ones. 



(c) There exists a left total integral in the bijective R-entwining structure ( A.12 ) with grouplike 
dement 1h, i-e. a left TLu-colinear map j°? p : H — > A, normalized as j°opO-H) = 1a- 

(f) A is a relative injective left TLn,-comodule. 

(g) Any object of n 9JlA is a relative injective left TLn-comodule. 

(h) The forgetful functor Hn m -> R Wl is ( Uli Wl, (VR)°§ p ) -relative separable, where (W)°g p 
denotes the forgetful functor n 9JlA —> Ha VJl. 

If the antipode of TL is bijective then the following statements are also equivalent to each other (but 
not necessarily to the foregoing ones). 



(i) There exists a right total integral in the R-entwining structure (A.12) with grouplike dement 

1h, i-e. a morphism j op G Hoto Hr (H, A), normalized as J op (l_f/) = 1a- 
(j) A is a relative injective right TLn-comodule. 
(k) Any object of A ^l H is a relative injective right TLn-comodule. 

(1) The forgetful functor TI Hr -> 97t fl is (Tt nR , (YM) op ) -relative separable, where (VK) op 
denotes the forgetful functor a9R H — > 2T Wb . 



(m) There exists a left total integral in the bijective L-entwining structure (A.19) with grouplike 

dement 1h, i.e. a left TLL-colinear map j cop : H — > A, normalized as j C op(lj?) = 1a- 
(n) A is a relative injective left TLh-comodule. 
(o) Any object of^dJl is a relative injective left TLh-comodule. 

(p) The forgetful functor HL dJl — > ^971 is ( nL Wl, (VK.) cop ) -relative separable, where 
denotes the forgetful functor ^ÜÜT — > Hl 9JI. 



Proof (a) 4=> (b) This equivalence follows by Proposition |3.4| (b) <^ (c) , since the entwining map 

( A.19 ) is bijective. 

(a) => (d) In light of Theorem |t| 3), we need to construct a right 7iL-colinear natural retraction 
vm of the 7iL-coaction, for any M G SETt^ . In terms of the map j in part (a), it is given by the well 
defined maps 

m® L h^ m [0] j(S(m [1] )h), 



(4.2) 



v M :M® L H -> M, 
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where the Swcedlcr type index notation m * m' ' ®fj mW is used for the 7iR-coaction on M. 
(d) =>- (c) The forgetful funetor VJ( Hl — ► 9JIl has a right adjoint, the funetor «tg^/f, cf. Section 



Hcnce the claim follows by Corollary 2.E 2). 
(c) =>■ (&) This implication is trivial as A itself is an object in 9Jt^. 
If the antipode is bijective then implications (e) <=> (/) (g) (/i) follow by applying (o) •O- 
(b) (c) 4=> (d) to the opposite-coopposite Hopf algebroid TL° p p and its right comodule algebra A 
(with (7Y fl )°g p -coaction a ap] €>r°p S(a[±]) and (Wz,)^ -coaction a i-» a' ' <8>l°p S(aM)). 

(a) (e) In terms of j in pari (a), a normalizcd left 7ifl-comodule map is given by j o S . 
Clearly, it yields a bijective correspondence. 

The other sequence of cquivalcnccs (i)-(p) follows by applying the proven result to the opposite 
(or cooppositc) Hopf algebroid and its right comodule algebra A op . □ 

Theorem 4.2. Let TL be a Hopf algebroid with constituent left bialgebroid (H, L, sl, ti,, iL, Tl), 
right bialgebroid (H, R, sr, i#, 7k,7Tr) ; and antipode S. For a right TL-comodule algebra A, the 
following assertions are equivalent. 

(a) There exists a normalized right TL-comodule map j : H — > A. 

(b) A 6 9Jl w is X\j%!-injective. 

(c) Any object in the image o/M is I\yy-injective. 

(d) 77ie funetor UV is (9Jl w , R)-separable. 

If the antipode ofTL is bijective, then these equivalent statements are equivalent also to the existence 
of a normalized left TL-comodule map H — ► A, hence the symmetrica! counterparts of (b)-(d). 



Proof. (d)=>(c) follows by Statement 1) in Appendix A.12 and Corollary 2.9 2). 
(c)=^(b) is obvious. 

(b)=/-(a) Denote by 77 : R — > A the unit of the i?-ring A. Since r\o-KRot L : L — > A and t^ : L ^ H 
are 7i-comodule maps and i^, is a split monomorphism of right L-modules, using Zuv-injectivity of 
A, j is construeted as the unique 7i-comodule map for which j o = rj o ttr o t L . 

(a)=>(d) We need to construet a natural retraction vm of the 7iz,-coaction, for any object M 



in 971^. In terms of the map j in part (a), it is given by the same formula (4.2). Since j is an 
TL- comodule map, so in vm ■ 

If the antipode is bijective then any (normalized) right 7i-comodule map j : H — * A determines 
a (normalized) left 7i-comodule map j oS^ 1 : H — > A. This correspondence is clearly bijective. □ 

Obviously, if the equivalent statements in Theorem [1.2] hold then also the equivalent statements 



in Theorem 4.1 hold 



Lemma 4.3. Let TL be a Hopf algebroid with constituent left bialgebroid TLl = (H, L, sl, ti,, jl, tl), 
right bialgebroid TLr = (H, R, sr, tu, jr, ttr), and a bijective antipode S. Assume that H is a 
projective right comodule for the R-coring (iJ, jr, ttr) via jr. Then H is a projective left L-module 
via left multiplication by sl ■ 



Proof. By [BW, 18.20(1)], projectivity of H as a right 7iß-comodule implies that H is a projective 
right i?-module via the action 

(4.3) H®R^H, h®r^hs R {r). 



By bijectivity of the antipode, the right i?-module (4.3) is isomorphic to the right i?-module H, 
with action 

(4.4) H®R^H, h®r ^ t R {r)h. 



Hcncc also the right i?-module (4.4) is projective. Furthcrmore, the algebra isomorphism ttr o sl 



L op — > R induces a category isomorphism DJIr = This isomorphism takes the projective right 



i?-module (iA) to the projective left L-module H, with action 

L (8) H — > H , l ® h tRO uro SL(l)h = sl{1)H. 

□ 
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Theorem 4.2 makes us able to answer a question which was left open in [Bö2|. Considcr a Hopf 
algebroid TL with a bijective antipode and a right W-comodule algebra A. Denote B := A cc!Hr = 
A coUl ,cL [A.l4 By Appendix |A.19 , one can associate to A four (anti-) isomorphic corings. 
Clearly, if any of thcm is a Galois coring (with respect to the grouplike element determined by 
the unit elemcnts in A and TL), then all of them are Galois corings. In othcr words, the four 
properties that B C A is a left or right Galois extension by TLr or TLl are all equivalent to each 
other. In Proposition 4.4 below, 7i-comodule algebras A are studied, such that these equivalent 
Galois conditions hold. 



Proposition 4.4. LetTL be a Hopf algebroid with constituent left bialgebroid TLl = (H, L, sl, tz,, Jl, 
ttl)> right bialgebroid TLr = (H, R, sr, tu, jr, ttr), and a bijective antipode S. Assume that H is 
a projective left R-module via tu and a projective right comodule for the R-coring (H,"fR,irR) via 
7r. (These assumptions hold e.g. if H is a finitely generated and projective both as a right and left 
L-module and also as a right and left R-module, cf. Jgöf , Section 4] .) Then M Hl ^ M H M Hr 
and nL ÜJl = H 9Jl = Ha VJl as monoidal categories. Moreover, for a right TL-comodule algebra A, 
such that B := A° R C A is a right TtR-Galois extension, the following assertions are eguivalent. 



(a 
(b 
(c 

(d 
(e 
(/ 
(9 
(h 
(i 

u 
(* 



?9Jt are inverse eguivalences and 



A is a faithfully ftat right B-module. 
B is a direct summand of the right B-module A. 
The functors A® B » : B Wl -> and coH (») 
H (E>r A is a flat right A-module. 

A is a projective generator in ^9Jl and H ®r A is a flat right A-module. 

A is a generator of right B-modules. 

A is a faithfully flat left B-module. 

B is a direct summand of the left B-module A. 

The functors • ® B A : M B -> and 0) C ° W ■ Tl^ ^ Tl B are inverse equivalences. 
A is a projective generator in 5öt^ . 
A is a generator of left B-modules. 



The equivalent conditions in Theorem hold. 



Proof. Since H is a projective left .R-module by assumption, it is in particular flat. As a left 
L-modulc, H is projec tive h ence fl at by Lemma 4.3. Thus t he monoidal isomorphisms Wl H = 
ffl H = M Uli follow by |A.13| 3) and A.14 , By Appendix |A.18| , bijectivity of the antipode implies 
strict anti- monoidal isomorphisms ^ R M = Wl Hh , Hl WI = WI Hr and n M = M n . Hence also 
n ^Tl = n Wl = Hr TI. Note that this implies in particular ? a 9Jt ^ ^50? and Tl% R = 

(a) (b) and (/) <^> (g) These equivalences follow by [Row, 2.11.29], as A is a projective left 
and right i?-module by [ BÖ2 , Proposition 4.2]. 

(b) =>• (k) and (fc) =>■ (b) Note that in the current case assertion (k) is equivalent to relative injec- 
tivity of A as a right 7Yfl-comodule, or as a right 7Yz,-comodulc, or as a left 7ii-comodule or as a left 
Hfl-comodule. Since a comodule algebra for a Hopf algebroid with a bijective antipode determincs 
bijective entwining struetures (A.12) and (A.19), these implications follow by [BB1, Proposition 
4.1] (which is a simple generalization of [SS, Remark 4.2] to the case of non-commutative base 
algebras). 

(k) =>■ (b) and (k) =>■ (g) These assertions follow by Proposition 3.4. 

(a) <^> (d) <=>• (c) Since ^971 = ^ R 93t is isomorphic to the category of left comodules for the 
j4-coring H ®r A (cf. Appendix A.8 ), these equivalences follow by the Galois Coring Structure 
Theorem §3W|, 28.19 (2)]. 

(/) (i) <^> (h) Since H is a projective left i?-module by assumption, A ®r H is a projective 
(hence hat) left A-module. Therefore also these equivalences follow by the Galois Coring Structure 



Theorem §3W|, 28.19 (2)], as 9Jl% ^ Wl% R ^ m A ® RH . 



(b) =>■ (e) and (g) =>■ (j) These implications are trivial, 
(e) => (b) and (j) =4> (g) A is a generator of right (respectively, left) -B-modules if and only if 
there exist finite sets {a{\ in A and {ett} in B.om B (A, B) (respectively, in B Hom(A,B)), satisfying 
y . a.i{ai) = 1b- In terms of these elements, a right ß-linear retraction of the inclusion B — > A is 
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given by the map a i— » ^ i cti(aia) (respectively, a left B-linear retraction of the inclusion B 
is given by the map a i— > J2i ai(aa,i)). 



A 

□ 



Applying Proposition 4.4 to the co-opposite Hopf algebroid TL cop , we see that the claims in 



Proposition 4.4 - with the only modification that claims (h) and (i) need to be supplemented by 
the assertion that A ®# H is a hat left A-module - can be proven alternatively by replacing the 
assumptions about the projectivity of H a left i?-module (via tu) and a right Wfl-comodule (via 
the coproduct of TLr) with the assumptions that it is a projective right -R-module (via sr) and a 
projective left 7i_R-comodule (via the coproduct of TLr). 

5. A Schneider type theorem 



This section contains the main result of the paper, Theorem |5.6| . The starting point of our study 
is the following result BTW, Theorem 2.1]. Recall that a right comodule P for an A-coring C, 
which is a finitcly generated and projective right A-module, is a Galois comodule if the canonical 
map 



(5.1) 



can : Hom A (P, A)®P^C, 



• V 



<t>(p [0] ) 



is bijective, where S := End c (P). Assume that S is a T-ring (e.g. T is a s ubalge bra of S). 
Denote P* = Hom^P, A). A symmetrical (and slightly extended) version of [ BTW , Theorem 
2.1], formulated for right comodules, is the following. 



Theorem 5.1. The canonical map (5.1) is bijective and P* is a T -relative projective right S-module 
provided that the following conditions hold true. 



(5.2) 



i) The map P* ® T S -> Hom c (P, P 

(of right S-modules); 
ii) The lifted canonical map, 

-T 



®t P), £ ®T s i— > ( p i— ► £ ®t s(j>) ) is an isomorphism 



P*®P->C, 0(g)_p 

T T 

is a split epimorphism of right C-comodules. 

Motivatcd by this result. in the present section we investigate how one can use (9Jt w ,R)- 
separability of the funetor UV in (4.1) to derive properties i) and ii) in Theorem |5.l| , for a 
coring A ®r H associated to a right comodule algcbra A of a Hopf algebroid TL. 



Remark 5.2. In the particular case when the right C-comodulc P in Theorem 5.1 is equal to 
the base algebra A, property i) reduces to (A ®t A) coC = A ®t A coC . Lct us investigate this 
condition. Note that, for an A-coring C possessing a grouplikc element g, and any right T-modulc 
V , V ®t A is a right C-comodule via the comodule strueture of A. There is an obvious map 
V <8>t A coC — > (V ®t A) coC , which is an isomorphism in appropriate situations: e.g. if V is a 
hat T-module, or in the Situation describcd in Lemma 3.5. Indeed, in the last case, by applying 
Lemma |3.5| to a rig ht B ~ A coC -module V ® T B, for a right T-modulc V, we concludc that 
(V CS>t A) coC = V (8>t B whenever A is a relative injective left C-comodulc. 



As it is explained in Appendix A.19 , to a right comodule algebra A of a Hopf algebroid TL 
(with constituent left and right bialgebroids (H, L, sl, 7l, ttl) and [H, ü, sr, tu, 'yu, ttr), and 
a bijective antipode S) one associates two isomorphic ^4-corings, on the fc-modules A ®r H and 
H ®r A, and two isomorphic ^4 op -corings, on the /c-modules A ®l H and H <g>£ A. These A- and 
^4 op -corings are anti-isomorphic, cf. (A.23). The grouplikc dement 1#, in the L- and i?-corings 
underlying TL, determines grouplikc Clements in all associated A- and A op -corings (preserved by 
the coring (anti-) isomorphisms (A.12), (A.19) and (A.23) between them). That is, A (or A op ) 
is a right comodule in each case. Corresponding to the four corings, there are four canonical 
maps of the type fl5.1|), which differ by the respective coring (anti-) isomorphisms in Section A.19. 
Following Theorem 5.6 is formulated in terms of the A-coring A®r H and the corresponding 



canonical map (A.13). Certainly, all claims can be reformulated in terms of any of the other three 
(anti-) isomorphic corings. 
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Let Wbea Hopf algebroid over base algebras L and R. Recall that a right H-comodule algebra 
A is an i?-ring. Assume that the coinvariant subalgcbra B := A coHr is a T-ring (e.g. T is a 
Ä:-subalgebra of B) . Consider the lifted version of the canonical map ( A.13| ) 



(5.3) can :A®A^A®H, a®i 

TUT H 

Note that it is right L-linear with respect to the module structures 

(5.4) (a®a')l = a(®-Kf l oti J (l)a l and (a® h)l = a®t^(l)h, 



for a <E>t a' & A ®t A, a ®r h e A ®r H and l e L. Moreover, the lifted canonical map (5.3) is 
also left L-linear with respect to the module structures 



(5.5) l(a® a ) = ootr o sl(1) ® a and 

T T 

for a ®t a' G ^4 ® T A, a ®r h G A ® R H and l e L. 



l(a®h) = a® sl(Z)/i, 



Rem ark 5.3. Consider a Hopf algebroid and a right 7i-comodulc algebra A. The lifted canonical 
map ( |5.3| ) is a split epimorphism of right i-modules i.e., using the notations in (4.1), it belongs to 
Suyr in various situations. 



1) If the (right L-linear) canonical map (A.13) is surjective and A ®r H is a projective right 
L-module. The latter condition holds provided that H is a projective right L-module (via t^) and 
A is a projective right i?-modulc. 



2) If the (right A-linear) canonical map (A.13) is surjective, A ®r H is a projective right A- 
module (e.g. H is a projective right i?-module via sr) and £ v c C £uvr, where U denotes the 
forgetful funetor OJt^ -> 97t A . 

The condition £jjc C £jjvr holds whenever dealing with a comodulc algebra A of a Hopf algebra 
TL over a commutative ring k. Indced, in this case V is the identity funetor 9Jt w , and the funetors 
U c , R and U are forgetful funetors. A fourth forgetful funetor OTa — > 9Jtfc makes the following 
diagram commutative. 



ü 



This p roves that in this case £yc C £^ 
\ Sehn , Theorem I] . 



i, thus assumptions 2) hold e.g. in Schncider's theorem 



Lemma 5.4. Consider a right comodule algebra A of a Hopf algebroid TL as a right comodule algebra 
of the constituent right bialgebroid in TL. Then the following maps are morphisms in 50?^. 



1) the entwining map in (A.12); 

2) the lifted canonical map (5.3) 



Proof. H ®r A is an object in Wi^ via the ^4-action induced by the multiplication in A and the 
diagonal TLr- and 7^-coactions. A ®r H is an object in SJJt^ via the A-action (a ®r h)a' = 
aa''°l ®r ha'^\ (where a i— > a' ' ®r cJ 1 ' denotes the Ti/j-coaction) and TLr- and 7ii-coactions 
induced by the respective coproduets in TL. A ®t A is an object in 3Jt^ via the relative Hopf 
module strueture of the second factor. It is left to the reader to check that both maps in the 
lemma are compatible with these structures. □ 



Lemma 5.5. Let TL be a Hopf algebroid with constituent left bialgebroid (H, L, S£, tx,^, ttl), right 
bialgebroid (H, R, SR,tR,jR,iTR), and a bijective antipode S. Let A be a right TL-comodule algebra 
such that there exists a normalized right TL-comodule map j : H — > A. Assume that A c ° nR is a 
T-ring (e.g. T is a subalgcbra of A coHr ). Assume furthermore that the lifted canonical map (5.3) 
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possesses a right L-module section £q (with respect to the module structures (5.4)). Then ( |5.3j ) 
possesses a section in 971«, given as 

C T :A®H -» A(g>A, 

R T 

a®h h-> (oi^A ®> h^- ) S~ 1 (a[ 



) )[°]j(5(Co T (U®/ l (i)5- 1 ( a[1] ) (1) )W)/ l(2) 5- 1 ( a[1] ) 



(2, 



Höh 



where a h-> api ®z,&m <wid a i— ► a' ^ ^ija' 1 ' are the TCl, and Ti.R-coactions in A, respectively, related 



via ( A.16| ), and 7l(/j) = /im (E>l h(2)> f or h £ H 



Proof. By Theorem 12, the forgctful func tor VJl H — > 9JIl is (SOt , R)- scparable, where R is the 
forgetful functor 50^ ^ 9« W . By Theo rem |2.8| 1) this implies that (|5.3| ) is a split epimorphism in 
97t w . Furthermorc, by Lemma 5.4 1), the object A ®r 7J <E 97t« is isomorphic to H ®r A. Since 
by definition 97t« is the category of modules for the monad — <E)r A : 97t« —* 97t«, the forgetful 
functor 97t« — > 97t« possesses a left adjoint — <g> ß A : 97t« — > 97t« (where for any right 7i-comodule 
M, M (giß A is a relative Hopf module via the ^4-action on the second factor and the diagonal 
coactions). Hence H <Sir A (thus A ®r H) is fij-projective by Theorem This proves that the 
liftcd canonical map ( |5.3| ) is a split epimorphism in 97t«. 

A section can be explicitly constructed as follows. A right 7i-comodule section can be 



constructed using argumcnts in the proof of the Rafael type theorem 2.12 3). Indeed, in terms of 
a right L-module section and a natural retraction v of 7r( # ) (where r denotes the 7Yz,-coaction, 
i.e. the unit of the adjunction of the forgetful functor 97t« — > 97Tl and the induction functor 
• ® L H : 97t L -> 97t«), one can put 

CT ■= va® t a o {(o®H) o (A®7i). 



The natural retraction z/ was constructed in ([4.2h. Thus a right A-modulc right 7Y-comodulc section 



of the liftcd canonical map (5.3) is given by 

( T = {A®n)o((T ®A)o(ip I 



>A) o (H®ri®Ä) oip R - 



where r\ : R — > A and /x : yl ®a — » ^4 are unit and multiplication maps in the i?-ring 
respectively. The map £ T comes out explicitly as in the claim. □ 

Theorem 5.6. Let TL be a Hopf algebroid with constituent left bialgebroid (H, L, SL,tL,jLt^L)> 
right bialgebroid (H, R, Sr, tR, "fR, ttr), and a bijective antipode S. Let A be a right TL-comodule 
algebra and put B := A coHli . Assume that B is a T-ring (e.g. T is a k-subalgebra of B). 



1) If the lifted canonical map (5.3) is a split epimorphism of right L-modules (with respect to 



the module structures (5.4),) then the following assertions are equivalent 
(a) 



(b) 



The canonical map can : A <S>b A — > A (&r H in (A.13) is bijective and B is a direct 
summand of A as a right B-module (hence A is a generator of right B-modules). 
The equivalent conditions in Theorem y^. 6 \ hold. 



id B 



(c) The functor coH «(») ; «97t — > ß97t is an equivalence, with inverse A(Sb *> ano 
direct summand of A as a right B-module. 
Furthermore, if these equivalent statements hold then A is a T -relative projective right 
B-module. 

2) // the lifted canonical map ( |5.3| ) is a split epimorphism of left L-modules (with respect to 
the module structures (5.5)) then the following assertions are equivalent. 



The canonical map (A.13) is bijective and B is a direct summand of A as a left 
B-module. 



The equivalent conditions in Theorem (.i hold. 

9Jlß is an equivalence, with inverse 



97t« 



(«) 

(b) 

(c) The functor (•)">«' 

direct summand of A as a left B-module. 
Furthermore, if these equivalent statements hold then A is a T -relative projective left B- 
module. 



A, and B 
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Proof. Recall from Section A.19 that bijectivity of the antipode S in the Hopf algebroid TL implies 
that also the entwining map (A.12) is bijective. 

(a) (b) In terms of the canonical map ( A.13 ), introduce the index notation ®r := 
can _1 (l J 4 ®fl h) for h G H (implicit summation is understood). Using a right ß-module retraction 
p of the inclusion B — > A, a normalizcd right 7Y-comodulc map is given by j : H —* A, h t— > 
P (hW)hW. 

(b) =>■ (a) The lifted canonical map (5.3) is a split epimorphism in 971^ by Lemma 5.5. Hence it 
is in particular a split epimorphism of right comodules for the ^4-coring A®rH. By considerations 
in Section |A.5| , coinvariants of the right comodules A and A <S>t A (latter one defined via the 
second tensorand) for the A-coring A ®r H coincide with the W^-coinvariants in A and A ®t A, 
respectively. By Theorem 4.1, A (with coaction a ,S (am) <E)r a[oj) is a relative injective left 
comodule for Hr. So that, by Proposit ion |3.4| (b) => (a), A is a relative injective left comodule for 
the A-coring A ® R H. Taking Rcmark into account, it follows that ( A gr A ) coHr = A® T B, 
hence all assumptions in Theorem 5.1 hold. Thcrcforc the canonical map (A.13) is bijective and A 
is a T-relative projective right £>-module by Theorem |5.1| . It follows by Proposition 3.4 that the 
right regulär B-module is a direct summand in A. 

(b) =>• (c) By Theorem 4.1 and Proposition fP| (6) =^> (a), assertion (b) in the claim implies that 
A is a relative injective right comodule for the A-coring A ®r H. The A-coring A ®r H possesses 



a grouplike elemcnt 1a ®r 1h, hence the unit of the adjunetion {A®r • : b9K —* 



H 



R DJl — > ß97t) (cf. Section [A.2| ) is an isomorphism, by a left-right Symmetrie version of Lemma 
3.5 (recall that coinvariants with respect to Ti and A ®r H are the same, by arguments in Section 
A.5). Thon the unit of the adjunetion in A.15] is a natural isomorphism in light of A.l£. 
Let us construet the inverse of the counit, 

coHi 



n M ■ A c 



M -> M, 



fl^mn am, 



jr m 



[°] and 



for M G ^SöT- Denote the left Hr-, and 7iz,-coactions on M by m i— > m\~ 
m [-i] ®l mvm, respectively. The canonical map ( A.13 ) is bijective by part (a). Consider the map 

(5.6) M^A®M, m>-> can- 1 (l A ®m l - 1] )m m . 



By Lemma 5J5 the lifted canonical map (5J3) has a section £ T 
the composite of 



in 9Jl^. 



The map ([3J]) is equal to 



(5.7) 



M 



A<giM, m^C T (l j4 ®m[ 



[o] 



and the canonical epimorphism A ®t M — > A ®r M. We claim that the ränge of (|5.7| ) is in A ®t 
°°"- R M. By Theorem L2, the left 7i£-coaction in M has a retraction in H %Jl. The '7ifl-coinvariants 
part' of this retraction yields a fc-linear retraction of the inclusion c ° nR M — > R [H <E>l M) = M. 
Explicitly, in terms of a normalizcd right 7i-comodule map j : H — > A (cf. Theorem [h^ (a)), we 
obtain an idempotent map 

E M ■ M -f coHr M, m h-> j (m [ ~ 1] )m [0] . 

Consider the right L-module A with action al := ttr o ti,{l)a, for l G L and a G A. Take a 
normalized right 7i-comodule map j : H — > A as in part (a) of Theorem [4.2| and introduce a left 
B-modulc map 



P M ■ A® M -> M, a®m h-> a l ° J j(S(a llJ )m [ 



4 W 01 



It is well defined by the right L-linearity of the right 7i#-coaction in A and the left L-linearity of 
the left 7Yfl-coaction in M, and modu lc ma p properties of S and j. Making use of the relative 
Hopf module strueture of M, that is ( A.22 ), one checks that Em ° P m = Pm- This means that 
t he ränge of P M is within coHr M. Since the section £ T in Lemma 
(5.3) satisfies, for m G M, 

C t (U<8>to [ " 1] )™ [01 = ((A®P atf )o(Co'®Af))(U®m[_i]®m [ o]), 



5.5 of the lifted canonical map 



the ränge of < pj\ ) is in A ® T coUr M. This implies that the ränge of |3J) is in A (g> B coUr M. The 
proof is complctcd by showing that the corestriction of (5.6) to a map hm '■ M — > A <E>b coHr M 
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yields the inverse of um- Indeed, since (A <S>r 7tr) o can(a (x)b af) = a,a! , for a, a' € A, and can is 
bijective, Um ° nMirn) — 7r^ (m^~ 1 i)m^ = m, for any m 6 M. On the other hand, since M is an 



object in ^371, it follows by ( A.22 ) that o n,A/(a ®b m) = (can 1 (1 J 4 ®ß S 1 1 (a[ 1 ]))a[ ])m, for 



d®B m 6 i ®b coUr M. The right A-linearity of can implies that can -1 (lyt ®r S -1 (an]))aro] = 
cl®b 1a, for a € A, which proves um ° tim(ci 8>b m) = a ®b rn. 

(c) (a) Observe that H ®r A is an object in ^3Jt, with A-action 

a'(h <g) R a) = hS^ 1 (a'^) ® R af ,a, 

where a i— > ami ®l om denotes the 7iL-coaction on A, and Hl and 7Yfl-coactions induced by the 
respective coproducts. The counit of the adjunction {A® B • ■ bSD? coHr {») ■ ^SW -> s9K), 

evaluated at the object H ®r A, is the isomorphism 

nH® a A '■ A® A — * H®A, a®a i-> S _1 (a[i]) ® apja'. 

The canonical map ( A.13|) is a composite of isomorphisms, can = ipR o uh«i r a, w here ipn is the 
bijective entwining map ( A.12 ). This proves bijectivity of the canonical map (ATS). 

In view of Theorem L2, part 2) follows by applying part 1) to the co-opposite Hopf algebroid 

J[o] ®fi°p S~ 1 (a[i]) and 
□ 



Ticop and its right comodule algcbra A op , with (7ifl) cop -coaction a 



{7~C l) cop-coaction a i 



Observe that T-relative projectivity and gcnerator propcrties of the J3-module A in Theorem 
5.6 are as close to its faithful flatness as it is possible for an arbitrary base algebra T of B. Ii Ais 
a projective T-module (c.g. T =k is a ficld) thcn the cquivalent asscrtions in part 1) or 2) imply 
that A is a projective right or lcft £>-module. Hence the propcrties, that B is a direct summand 
in the right or left i3-modul c A, in 1) (a) and (c) or 2) (a) and (c) imply that A is a faithfully hat 
right or left 73-module, cf. [flöwj 2.11.29]. 

If TL is a coseparable Hopf algebroid (i.e. the underlying L-coring or, equivalently, the undcrlying 
i?-coring is coseparable, cf. [ Böl|, Th eorem 3.2]) then the forgetful funetors 9JI Hr — ► TIr and 
SEJl Wi — * ÜJIl are separable (cf. [ [Brzl , Corollary 3.6]). Moreover, also the following proposition 
holds. 

Proposition 5.7. Let TL be a Hopf algebroid whose constituent R-coring (eguivalently, the con- 
stituent L-coring) is coseparable. Then the forgetful funetors 9Jl w — > 9Jt Wi? and 97t w — » OJt 7 ^ 1 - are 
strict monoidal isomorphisms. 

Proof. The forgetful funetors 971" -> and m n _ -> 9 71^ L are strict monoidal in view of A.14l 

For any right 7i,R-comodule (M, ß#), the cqual izcr (|A.17 ) is H ®l if-pure, cf. A.4. Sym mctrically, 
also the purity conditions in Statement 2) in 4 |A.13| hold. In view of claim 3) in A.13, this proves 
that the forgetful funetors Wl n -> WI Hr and Wt H -* WI Hl are isomorphisms. □ 



Proposition 5.7 implies that if coscparability of the Hopf algebroid TL is assumed (not only 
relative injectivity of the comodule algebra A) then the assumption in Theorem 5.6 1) about 
Splitting of the lifted canonical map (5.3) as a right L-module map can be replaced by its Splitting 
as a right i?-module map. Latter assumption holds in particular if the canonical map (A.13) is 
surjective and H is projective as a right i?-module (via the source map of the constituent right 
bialgebroid) . Indeed, under this assumption, A <g>R H = H <g>R A is a projective right A-module. 



So surjectivity of the right A-module map (A.13) implies that its lifted version (5.3) is a retraction 
of right A-modulcs, and hence of right i?-modules. By the scparability of the forgetful funetor 
97t w = VJI Hr — ► 97t _r it follows th cn t hat (5.3) is a retraction of right 7i-comodules and the proof 
can be complcted as in Theorem |5.6| . Thus we obtain the following. 

Theorem 5.8. Let TL be a coseparable Hopf algebroid with constituent left bialgebroid (H, L, sl^l, 
7l,ttl), right bialgebroid {H, R, s_r, t/?, 7a, 7Tfl) ; and a bijective antipode S. Let A be a right co- 
module algebra and put B := A c ° Hr . Assume that the canonical map ( |A. 13 ) is surjective. 

1) If H is a projective right R-module (via sr) then assertions (a), (b) and (c) in Theorem 
|5. b\ 1) are eguivalent. Furthermore, if they hold then A is a k-relative projective right 
B-module. 
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2) If H is a projective left R-module (via tu) then assertions (a), (b) and (c) in Theorem 5.t 



2) are equivalent. Furthermore, if they hold then A is a k-relative projective left B-module. 

6. Equivariant injectivity and projectivity 
The notionof equivariant projectivity of a Hopf Galois extension was introdueed in the papers 



[ DGH and [HM]. Equivariant projectivity of a Hopf Galois extension is a crucial property from 
the non-commutative geometric point of view, as it turns out to be equivalent to the existence of 
a strong connection - a non-commutative formulation of local triviality of a principal bündle (see 
ß]). In the context of Galois extensions B C A by corings (or bialgebroids or Hopf algebroids), 
equivariant projectivity relative to some subalgcbra of B was shown to be equivalent to the existence 



of more general strong connections in the paper BB1 



In this section wc look for conditions on a Galois extension by a Hopf algebroid, under which 
it obeys (relative) equivariant injectivity and projectivity properties. Rccall that having a Hopf 
algebra H over a commutative ring k and a right iJ-comodule algcbra A, which is a relative injective 
right ü-comodule, A was shown to be a £>(= A coiI )-equivariantly injective ü-comodule in |SF 



Theorem 5.6]. (This result is extended to algebra extensions by Hopf algebroids in Theorem 3.3 
below.) What is more, using the proven .B-equivariant injectivity of a relative injective TJ-comodule 
algebra A, it was also shown in pS| , Theorem 5.6] that the -B-module A is ü/-equivariantly projective 
if and only if it is /c-relative projective. If A is a relative injective right comodule algebra of a Hopf 



algebra H with a bijective antipode, with coinvariants B, and the lifted canonical map (1.3) is 



a split epimorphism of fc-modul es, t hen A is an iJ-Galois extension of B and the .B-module A is 



relative projective (cf. Theorem 5J3). Hence the .B-module A is also -ff-equivariantly projective by 
the quoted result in ]^S|, Theorem 5.6]. A most naive generalization of this result to Hopf algebroid 
Galois extensions seems not to hold. The reason is that - if working with a Hopf algebroid TL over 
different non-commutative base algcbras L and R - relative projectivity of the ß-modulc A is not 
enough to prove its (relati ve) H -cquivariant projectivity. One needs more: (relative) L-equivariant 



projectivity (see Theorem 6.4 below). As a matter of fact, for a relative injective right comodule 
algebra A of a Hopf algebroid with a bijective antipode, with coinvariants B, we were not able 
to deduce relative L-equivariant projectivity of the .B-module A form the Splitting of the lifted 



canonical map (5.3) as a left, or right L-module map, as assumed in Theorem 5.6. We needed 



a stronger assumption: Splitting of the lifted canonical map (5.3) as an L-L bimodule map (see 



Proposition 3.5 below) 



Definition 6.1. Let D be an L-coring and B a T-ring. A left ß-modulc and right P-comodule V, 
with left .B-linear right D-coaction, is callcd a T -relative T> '-equivariantly projective left .B-module 
if the left action B <8>t V — > V is an epimorphism split by a left .B-module right P-comodulc map. 
We call V a B -equivariantly injective right D-comodulc if the right coaction V — > V ®lT> is & 
monomorphism split by a left .B-module right 2?-comodule map. 

Analogous notions for right L-modules and left P-comodules, with a right .B-linear left T>- 
coaction, are defined symmetrically. 

Considering an algebra L as a trivial L-coring C, a T-relative /^-equivariantly projective left 
£>-module V is called simply T-relative L-equivariantly projective. Clearly, for an L-coring T> 
and a T-ring B, a T-relative L>-equivariantly projective left -B-module V is necessarily T-relative 
L-cquivariantly projective. 

For a (left or right) bialgebroid S over an algebra L, and a T-ring B, a T-rclative 5-equivariantly 
projective .B-module means a ß-modulc which is T-relative equivariantly projective for the L-coring 
under lying S. 

In the same spirit, relative 7i-equivariant projectivity for a Hopf algebroid TL can be introdueed: 

Definition 6.2. Consider a Hopf algebroid TL and a T-ring B. A left B-module and right TL- 
comodule V , such that the left i?-action on V is a right 7i-comodule map, is said to be T-relative 
TL- equivariantly projective if the action B ®t V — > V is an epimorphism split by a left .B-linear and 
right 7Y-colinear map. 
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The following two theorems extend |S^, Theorem 5.6] to non-commutative base algebras. 



Theorem 6.3. LetTL be a Hopf algebroid with constituent left bialgebroid TLl = (H, L, Sl^l^Tl^l), 
right bialgebroid TLr = (H, R, sr, tR, jr, ttr), and antipode S . Let A be a right TL-comodule algebra 
and denote B := A conR . If the equivalent conditions in Theorem {.i. hold then the TLL-coaction on 
A possesses a left B-linear and right TL-colinear retraction. 



Proof. Using a method in [SS , Lemma 4.1] , one constructs a left i?-linear right W-colinear retraction 
<j) of the 7iL-coaction a <— > o,m\ <8>l ßfii on A, in terms of an 7i-colinear retraction v. Explicitly, 



A®H — > A, 



a®h^a [0] v(l A ®S{aW)h) 



where 



5_r a* 1 ' denotes the right 7ii?-coaction on A. Note that since v is an TL- comodulc 



map it is left i?-lincar and hence the map <f> is well defined. 



□ 



Theorem 6.4. LetTL be a Hopf algebroid with constituent left bialgebroid TLl = (H, L, Si,ti,7i,7ri), 
right bialgebroid TLr = {H, R, sr, tR, jr, ttr), and antipode S . Let A be a right TL-comodule algebra 
and B := A co ' Hb ' . Let T be an algebra such that B is a T-ring (e.g. T is some k-subalgebra of 
B). If the right TLh-coaction on A possesses a left B-linear and right TL-colinear retraction then 
the following assertions are equivalent. 

(a) A is a T -relative TL-equivariantly projective left B-module. 

(b) A is a T -relative L-equivariantly projective left B-module. 

Proof. If A is a T-relative 7i-equivariantly projective left ß-modulc then it is obviously T-relative 
L-equivariantly projective. In order to sec the converse implication, take a B-L bimodule section 

A — > A and a left ß-lincar and right 7Y-colinear retraction (j> 
A ®£ H in A. It determines a left ß-linear and H-colinear map 



Xq of the multiplication map B 
of the right 7iL-coaction ta : A - 



B®A. 



X 1 := (B ® cj)) o ( Xo ® H) o t a : A 

T L T 

It follows by the left ß-lincarity of cj) that x T is a section of the multiplication map B®tA 



A. □ 



The message of Theorem 6.3 and Theorem 3.4 



is to look for situations, in which the T-relative 



L-equivariant projectivity condition in Theorem 
Hopf algebroid, obeying the conditions in Theorem 4.2 



3.4| (b ) holds, for a right comodule algebra of a 



It is discussed in Appendix A.18 that if the antipode of a Hopf algebroid TL (over base algebras 
L and R) is bijective then a right comodule algebra A has a canonical left 7i op -comodule algebra 
strueture, with coactions a h-> S' _1 (a[ 1 ]) ® ß omi a i-> S'^aW) <S>l a' '- Recall that this left 7i£- 
coaction corresponds to the left L-module strueture of A, which is related to its right i?-module 
strueture via 



(6.1) 



la = anR o s L (l), 



for l e L, a e A. 



Since the right actions in A by R and B := A coUr commute (cf. Section A.7), A is an L-B 



bimodule via the left L-action fl6.l|) and the obvious right B-action. 
concerns equivariant projectivity of this L-B bimodule A. 



The following proposition 



Proposition 6.5. LetTL be a Hopf algebroid with constituent left bialgebroid TLl = (H, L, sl^LiIl, 
7Tl), right bialgebroid TLr = {H, R, s#, £r, 7#, 7Tr), and a bijective antipode S. Let A be a right 
TL-comodule algebra. Set B := A co ' Hr , and assume that B is a T-ring (e.g. T is a k-subalgebra 
of B). Assume that the lifted canonical m ap (|5.3[ ) is a split epimorphism of L-L bimodules (with 
respect to the module struetures (5.4) and ( [5.5D J. If the equivalent conditions in Theorem ^.l hold 
then A is a T-relative L-equivariantly projective right B-module. 



Proof. Let Co" be an L-L bimodule section of the lifted canonical map (5.3). By Lemma 5.5 the 
map ( |5.3| ) is split by the right A-module and right 7Y-comodule map C T , explicitly given in Lemma 
|5.5|. From the proof of implication (b) =>■ (a) in Theorem 5.6 we have that (A ®t Ä) c ° nn = 
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A®t B. Hcnce taking the '7i#-coinvariants part' of £ T , we obtain a right B-module section of the 
multiplication map A ®t B — > A, 



T 

Xo 



A -> Ag>B, 



a~tf(l A ® Ä- 1 (a [ x])(i)) [0] i(5(C T (U®5- 1 (a [1] ) (1) )W)S- 1 (a [1] )( 



(2) I a [0] . 



Consider the left T-module structure fl6.l| ) of A. The right 7iL-coaction in A is left L-linear in the 
sense that (üttr o Sl(1))[o] ®l (gotr o Sl{1))\i] = ci[o] ®l o-[i] s r ° ° sl(/), for l G L and a G A. The 
antipode satisfies S' _1 (/is j R07r ß os i (/)) = t ß o7r ß os i (Z)S' _1 (/i) = s L (/)5 _1 (/i), for / € £ and /i G H. 
The coproduct 7^ is left L-linear, i.e. (sz,(l)h)^ <8>i (s.l(0M(2) = s l(0^(i) ®l ^(2)) f° r ' € ^ an d 
h E H. The map £j is left L-linear by assumption, with respect to the left T-modulc structures in 



(5.5). The right 7i#-coaction in A®tA is given via t he second factor, so it is obviously left L-linear 
with respect to the left T-module structure in ( |5.5| ). All these considerations together verify the 
left T-linearity of Xo with respect to the left T-module structure ([O]) in A. Hcnce \o i s an L-B 
bilincar section of the multiplication map A <S>t B — > A, which proves T-relative L-equivariant 
projectivity of the right .B-module A. □ 

Let A be a right comodulc algebra of a Hopf algcbroid H with a bijective antipode S. Recall 
that in this case the conditions (a)-(c) in Theorem [l^ are equivalent also the the analogous 
conditions for the right W cop -comodule algebra A op , with (7ifl) cop -coaction a 1— > O[o] ®r°p S~ 1 (a,[i]) 
and (H_L) CO p-coaction a 1-» ® L a P S^ 1 (a^). Hence Proposition 6.5 can be applied to the right 
TLcop- comodule algebra A° v . It yields a result about the equivariant projectivity of A as a B-L 
bimodule, with obvious left B?-action, and right L-action related to the left i?-action via 



cd = t\r o t L (l)a, 



for l G L, a G A. 



COROLLARY 6.6. In the setting of Proposition 6.5, A is a T-relative L-equivariantly projective left 
B-module. 

The following corollary is the main result of this section. It formulates sufneient conditions on 
a Galois extension B C A by a Hopf algebroid TL with a bijective antipode, under which A is a 
T-relative 7i-equivariantly projective left and right .B-module, for an algebra T such that B is a 
T-ring. 

Corollary 6.7. Let TL be a Hopf algebroid with constituent left bialgebroid Hl = (H, L, sl, tz,, 7z,, 
ttl), right bialgebroid Hr = (H, R, sr, tR, 'Jr, ttr), and a bijective antipode S. Let A be a right 
TL-comodule algebra. Denote B := A coUr and assume that B is a T-ring (e.g. T is a subalgebra 
of B). Assume that the lifted ca non ical m ap (p.3[) is a split epimorphism of L-L bimodu les (with 
respect to the module structures (5T) and ( 15.51) ,). If the equivalent conditions in Theorem hold 
then A is a T-relative TL-equivariantly projective left and right B-module. Moreover, in this case 
B C A is a right ÜR-Galois extension. 



i.e. bijectivity of the canonical map (A.13), follows by virtue of 



Proof. The Galois property, 
Theorem |J (6) =>■ (a). 

The right 7iz,-coaction on A possesses a left B-module right 7i-comodule retraction and the left 



7ii-coaction on A possesses a right B-module left 7i-comodule retraction, by Theorem 3.3, and 
its application to the co-oppositc Hopf algebroid H cop and the right 7Y cop -comodule algebra A op , 
respective ly. By Proposition |6.5| , A is a T-relative L-equivariantly projective right B-modulc. By 
Corollary |6.6| , A is a T-relative L-equivariantly projective left .B- modu le. Hence A is a T-relative 
H-equivariantly projective left and right B-module by Theorem |6.4| , and its application to the 
co-opposite Hopf algebroid Ti cop and the right 7i cop -comodule algebra A op , respectively. □ 



By [BB1, Theorem 3.7] we conclude that there exists a strong T-connection for an extension 
B C A as in Corollary 6.7 whenever T is a fc-subalgebra of B. In [BB1, Theorem 5.14] conditions 
are formulated for the independence of the corresponding relative Chern-Galois character of the 
choice of a strong T-connection. Note that in the case when in Corollary 6.7 the /c-algebra T is 



cqual to k, these conditions reduce to the assumption that A is a locally projective fc-module. 
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Example 6.8. Clefl extensions by Hopf algebroids were introduced in |BB2 , Definition 3.5], as 



follows. Let Ti. be a Hopf algebroid with constituent left bialgebroid Hl = (H,L, sl^l^l, kl), 
right bialgebroid Tin = {H, R, sr, iß, 7ß, ttr), and antipode S. Let A be a right 7i-comodule 
algebra with coinvariants B := A coHr . Denote the unit map of the corresponding i?-ring A by 
rjn : : R — > A. The algebra extension B C A is called Ti-cleft providcd that the following conditions 
hold. 

a) A is an L-ring (with some unit map r\L '■ L — > A) and B is an L-subring of A. 

b) There exist morphisms j 6 LHom^if, A) and j 6 ijHoniL (iL, A), satisfying 

where denotes the multiplication in A both as an L-ring and as an i?-ring. The bimodule 
strueturcs in H are given by 

Ihr := SL(l)hsji(r) and rhl = tL(l)htn(r), for l G L, r£Ü, h E H. 

The bimodule struetures in A are given by 

/ar := ?7L(O a7 7ß( r ) an d = VRi r ) ar lL{l), for Z G L, r e Ä, a G A 

In an 7i-cleft extension B C A the map ) : -ff — ► Ä is right 7L-colinear and normalized. 

Hence the equivalent conditions in Theorem [4. 2| hold. By definition B is an L-ring. The lifted 
canonical map 

cän L : A (g A — > A ® iL, a<g a' aa' [o1 (g a'^ 

Z. H i R 

possesses an L-L bilinear section (with respect to the module struetures ( |5.4p and ( |5.5D ): 
(6.2) Co : A®H -> A® A, a®h^ aj(h {l) )®j(h {2) ). 

The map (|6.2[) is well defined by the module map properties of j and j. It is left L-linear by the 



identity j(tn(r)h) = j(h)rjii(r), for r £ R and /i G LT, see [BB2, Lemma 3.7]. Right L-lincarity of 



(6.2) follows by the left i?-linearity of (the right H-comodulc map) j, i.e. j(sn(r)h) = T)n(r)j(h), 



for r G R and h G H. In view of Corollary 6.7, all these considerations together imply that a cleft 



extension B C A by a Hopf algebroid 7i with a bijective antipode is an 7i#-Galois extension which 



is an L-rclative 7i-equivariantly projective left and right B-module, cf. [BB2, Lemma 5.1 



Appendix A. Coring extensions, entwining structures and Hopf algebroids 

A.l. For a fc-algebra A, an Aring T means an algebra (or monoid) in the monoidal category 
of A-A bimodules. More explicitly, it consists of an A-A bimodule T, equipped with a bilinear 
associative produet \i : T ®a T — > T and a bilinear unit map rj : A —> T. An Aring T is equivalent 
to a fc-algebra T and a fc-algebra map rj : A — > T. 

For an Ä-ring (T, fj,,rf), the opposite means the A p -ring T op , with A op -A op bimodule strueture 

A op ® T <g A op -> T, a®t®a t-> a'to, 

produet f ® A °p i' h-> i'i and unit 77 : A op -> T op . 

An Aring T determincs a monad • ®a T on OT^- By right T-modules we mean algebras for 
this monad. This notion coincides with that of right modulcs for the fc-algebra T. Left modulcs 
are defined symmetrically. 

A.2. A coring over an algebra A means a coalgebra (or comonoid) in the monoidal category 
of A-A bimodules. More explicitly, it consists of an A-A bimodule C, equipped with a bilincar 
coassociative coproduet A : C — > C ®a C and a bilinear counit map e : C — > A This extends the 
notion of a coalgebra. 

For an Acoring (C, A, e), the co-opposite means the A p -coring C cop , with A op -A op bimodule C, 

A op ® C ® A op -> C, a ® c (gi a' i-> a'ca, 

coproduet A op : c i— > c^ 2 ' (g^op and counit e. 

An Acoring C determincs a comonad • (E)aC on SJIa- By right C-comodules we mean coalgebras 
for this comonad. That is, a right C-comodule is a right Amodulc M, equipped with a right 
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A- linear coassociative and counital coaction g AI . Right C-comodule maps are right A- linear maps 
which are compatible with the coactions. Left C-comodules are defined symmetrically. 

The forgetful functor 271 — > ÜJIa possesses a right adjoint, the functor • ®a C : 971a — * 9# C - 
The unit of the adjunction is given by the right coaction g M : M — -> M <E>a C, for M G Tl c , and 
the counit of the adjunction is given in terms of the counit e of C as N ®a e : N ®a C — > iV , for 
AT S 9K A , cf. |3W|, 18.13 (2)]. 

A right comodule M for an A-coring C is called relative injective if any C-comodule map of 
domain M, which is a split monomorphism of A-modules, is a split monomorphism of C-comodules, 
too. By [BW, 18.18], M is a relative injective C-comodule if and only if the coaction g M is a section 



of C-comodulcs. 



By [Brzl, Lemma 5.1], the right regulär A-module extends to a comodule for an A-coring C if 
and only if thcre exists a grouplike element g in C (meaning that A(g) = <?<8>a <? and e(g) = 1a)- 
A bijective correspondence between grouplike elements g in C and right C-coactions g A in A is 
given by j m (g^ : a m ga). A similar cquivalence holds between grouplike Clements and left 
C-comodule structures in A. 

For an A-coring C with a grouplike dement g, the coinvariants with respect to g of a right 
C-comodule M arc defined as the Clements of the set 



M 



coC 



{ m G M | ß (m) = m®g }. 



Coinvariants of left C-comodules are defined symmetrically. In particular, the coinvariants of A, 
both as a right C-comodule and a left C-comodule, are the elements of the subalgebra 

B = { b G A | gb = bg }. 

A grouplike dement g in C determines an adjunction (• ®s 4, (•) ), between the categorics Tis 
and 9Jt c . The unit and counit are given by the maps 



(A.l) 
(A.2) 



u N : N -> (N® A) coC , 

B 

n M : M coC ®A^>M, 



x i— ► x® 1a, 

B 

y®a>-* ya, 



and 



respectively, for any A^ G 9JIb and M £ 9Jt c , cf. [BW, 28.8]. The re is a symmetrical adjunction 
between the categories ßÜJt and c Wl. 

An A-coring C with a grouplike element g is called a Galois coring if the canonical map 



(A.3) 



can : A — > C, 



a ® a 



aga 



is bijective. For more Information about corings we refer to the monograph [BW|. 



A.3. Let V be a coring over a base fc-algebra i and C a coring over a fc-algebra A. Assume 
that C is a C-X> bicomodule with the left regulär C-coaction Ac and some right 2?-coaction tc ■ By 
definition [BW, 22.1], this means that tc is left A- linear (hence C ®a C is also a right 2?-comodulc 
with coaction C ®a tc) and the coproduet Ac is right £>-colincar. Equivalcntly, the coproduet Ac 
is right L-linear (hence C <8>l 2? is a left C-comodule with coaction Ac <8>l 2?) and the 2?-coaction tc 



is left C-colinear. In this case, following [Brz3, Definition 2.1], we say that V is a right extension 
of C. For a right extension T> of C, assume that the equalizcr 



(A.4) 



M- 



Mi 



C: 



M <E>a C i 



C 



in VJIl is 2? ®l ü-pure, i.e. it is preserved by the functor — ®£ 23 ®l V : DJIl — > 9K_l, for any 
right C-comodule M. If this condition holds, we say that T> is a pure right coring extension of C. 



By [BW, 22.3] and its Erratum, for pure coring extension 2? of C, there is a functor R := »DcC : 
ÜJl c — > SüJt 15 , given by a cotensor produet, that renders diagram (3.1) commutative (up to the 
natural isomorphism M = MOcC, for M G 9Jl c ). The explicit form of the functor R is computed 



in |Brz3, Theorem 2.6] (mind the missing purity condition in the journal version): Using the right 
23-coaction tc : c i— > cpi ®l cmi , for c G C (note our Convention to usc character r for P-coactions 
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and lower indices of the Sweedler type to denote components of the coproduct and coactions of 
T>), any right C-comodule M is equipped with a right L>-comodule structure with right L-action 

(A.5) ml := m^ecim^l), for m e AI and l G L, 

and 2?-coaction 

(A.6) T M ■ M^>M®V, m TO[ 0] 0m[!] := m [ ° 1 e c (TO[ 11 [ ])®m [11 [ 1 ], formeM, 

where g M : m i— > mM ®a m^ dcnotcs the C-coaction on M (note our Convention to use character 
g for C-coactions and upper indices of the Sweedler type to denote components of the coproduct 
and coactions of C). With this definition any right C-comodule map is D-colinear. In particular, a 
right C-coaction, being C-colinear by coassociativity, is X>-colinear. 



A.4. Any right coring extension of a coseparable Acoring C is pure. Indeed, (A.4) is a 
split equalizer in 971,4 (split by the right Amodule map M ®a C <8>a sc)- By separability of the 
funetor Wl c — > WIa, it is a split equalizer also in ÜJl c . If T> is an L-coring that is a right extension of 
C, then taking cotensor produets with the C-V bicomodulc C defines a funetor — DjC : Wl c — > 9Kl, 
cquipping any right C-comodule M = MD gC w ith a right L-action. By right L-linearity of any 
C-comodule map, Splitting of the equalizer (A.4) in Wl c implies that it splits in also in Wl^. Hence 
the purity condition holds. 



A.5. An entwining structure over a (not necessarily commutative) algebra L consists of an 
L-ring A, with multiplication ß and unit m an L-coring T>, with comultiplication A and counit e, 
and an L-L bilincar map ip :T> ®l A — > A®lT>, satisfying the following compatibility conditions. 

ip o (V <g> ß) = (fj, ® V) o {A® ip) o (ip (gi A) ip o {V®r}) = r)®V 

L L L L L L 

(A ig) A) o ijj = (ijj (gi V) o (V ® ip) ° ( A (g> A) (A ig) e) o t/j = e <gi A 



In complete analogy with [Brzl, Proposition 2.2], 4 £§)_£, 2? is an Acoring. Its bimodulc structure 
is given by 

ai(a<g> d)a2 = aiaip(d® 02), for 01,02 6 4, a<g>d G A<g>£>. 

The coproduct is equal to A ® L A : A ® L V -» A <g> L L> ® L X» = (A <g> L V) ® A (A <Z) L V) and the 
counit \s A®l e : A ®l T> — > A Via the canonical isomorphism M <gu A ®l T> = M ®l T>, for 
any right Amodule M, right comodulcs for the Acoring A ®l D are identified with entwined 
modules. A right-right entwined modulc means a right Amodule and right P-comodule M, with 
coaction tm : m 1— »• mro] <g)L Tim, such that 

mrj(l) — ml and TM(ma) — TO[o]V'( m [i] ® 0), for m G M, / G L, a G A 

Morphisms of entwined modules are Alinear and D-colinear maps. The category of right-right 
entwined modules is denoted by Wi^(ip). 

Entwining struetures (A L>, ip) over an algebra L provide examples of coring extensions. Namely, 
the associated Acoring C := (A^lV.A ®l A,A <g)£ e) is a right D-comodulc with coaction 
tc := A (g)£ A : A <E>l V — > A (g>£ T> ®l V. By the coassociativity of the coproduct A in V, tc is left 
C-colinear. This means that the L-coring T> is right extension of the Acoring C. 

Note that any coring extension arising from an L-entwining structure (A, T>, ip) is pure. Use 
again that (A.4) is a split equalizer in WIa- Thus the existence of a forgetful funetor WIa —> 
implies that (A.4) is a split equalizer in WIl, hence it is preserved by any funetor of domain 
WIl- In this Situation the funetor R in Figure (3.1) can be identified with the forgetful funetor 

wi c = Ti^(ip) -^wi v . 

Lct (A D, ip) be an entwining structure over an algebra L and C := A (g>£ T> the associated 
Acoring. If e is a grouplikc Clement in T> then 1a <8>l e is a grouplike element in C. In this case A 
is a right C-comodule hence a right-right entwined modulc. The 2?-coaction in A comes out as 

(A.7) A^A®V, a^ip{e®a). 



2« 



A. ARDIZZONI, G. BÖHM, AND C. MENINI 



The coinvariants of a right C-comodule (i.e. entwined module) M with respect to 1a ®l e can be 
identified with Hom c (A, M) , and the coinvariants of M as a right D-comodule with respect to e 



can be identified with Hom x '(L, R(M)) (cf. [BW, 28.4]). Since in this case the forgetful functor 
K : Wl c = art^WO -> 97l' D possesses a left adjoint, • ® L A, it follows that Rom v (L,R(M)) = 
Hom c (A, M). That is to say, the coinvariants of a right C-comodule (i.e. entwined module) with 
respect to 1a ®l e are the same as its coinvariants as a right Z?-comodule with respect to e. 

If the entwining map -0 is bijective thcn it induccs an A-coring structure in T> (E>l A. Its left 
comodules are identified with left A-modules and left X>-comodules, satisfying a compatibility 
condition with i/j. If there exists a grouplike element e in T> then the corresponding left 2?-coaction 
in A is given by 

(A.8) A^V(g>A, bh V _1 (o®e)- 



A.6. The notion of a bialgebroid over an algebra L was introduced by Takeuchi in [Ta| under 



the original name x ^-bialgebra. Takcuchi's defmition was shown by Brzezihski and Militaru in 



[BM] to be equivalent to the structure introduced in |Lu[. As a fc-bialgcbra consists of compatible 
algebra and coalgebra structures on the same fc-module, an i-bialgebroid comprises compatible 
L <8)fe i op -ring and L-coring structures. More explicitly, a left bialgebroid is given by the data 
(H, L,s Ll t L ,~f Ll K L ). Here H and L are /c-algebras and sl ■ L — > H and t L : L op — > H are algebra 
maps, called the source and target maps, respectively. The map 

L(g>L op ^H, m> s L (l)t L (l') 

k k 

is required to bc an algebra map, equipping H with the structure of an L L op -ring. The L-L 
bimodulc H, with actions 

(A.9) Ihl' = s L (l)t L (l')h, fbr l, V 6 L, h G H, 

is required to bc an L-coring with coproduet 7l and counit ttl ■ For the coproduet wc usc a Swccdler 
type index notation with lower indexes, 7l(/i) = hm ®Lh(o\, for h G H, where implicit summation 
is understood. The compatibility axioms between the L (g>k L op -vvag and L-coring structures are 



the following. Consider the subset of the L-module tensor Square of the bimodule (A.9), the so 
called Takeuchi produet 

Hx L H = {Y,h i ®ti i e H®H | VI G L ^Mi(0§^ = J2 hi< $ h i SL ^ ^ 

i i i 

Note that H H is an L Ofc L op -ring, with factorwise multiplication and unit map 

L®L op -> H x L H, ^ s L (l)®t L (l'). 

k k L 

The first bialgebroid axiom asserts that the coproduet corestricts to a map of L ®fc L op -rings 
H — > H Xx, H . The requirement, that the ränge of the coproduet lies within H Xl H, is referred 
to as the Takeuchi axiom. Further axioms require the counit to preserve the unit and satisfy 

Tr L (hs L ° K L (h')) = TT L (hti) = ir L (ht L O TT L (h')), 

for all h, h! e H. 

The L-L bimodulc (A9) is defined in terms of left multiplication by the source and target 
maps. Symmetrically, one defines right bialgebroids by interchanging the roles of left and right 
multiplications. Explicitly, a right bialgebroid is given by the data (H, R, sr, tu, jr, 7Tr), where H 
and R are fc-algebras and sr , : R — > H and tu : R op — > H are algebra maps, called the source and 
target maps, respectively. H is required to be an R (E>k i? op -ring with unit 

R®R op ->H, r®r' h-> s R {r)t R {r'), 

k k 

and an i?-coring, with bimodule structure 

(A.10) rhr' = hs R {r')t R {r), for r, r' G R, h G H, 
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coproduct 7# and counit ir R . For the coproduct we use a Sweedler type index notation with upper 
indices, 7ß(/i) = <gi R h^ 2 \ for h G iJ, where implicit summation is understood. The coproduct 
is required to be a map of i? ®k i? op -rings from H to the Takeuchi product 

H X R H = { S^hi®^ G Vr G i? Vs fl (r)/ij®^ = V/ii<g>t fl (r)^ }, 

^ — ^ ß ^ — ^ r — ^ i? 



where the -R-module tensor product is taken with respect to the bimodule structure ( A.lOj ). The 
counit is dcfined to preserve the unit and satisfy 

kr{s r o ir R (h)ti) = TV R (hti) = n R {t R o ix R (h)h'), 

for all h, h! G -H\ For more details we refer to (k||. 



The co-opposite (H, L op , tz,, sl, 7^ p , ttl) of a lcft bialgcbroid (H, L, SL,tL,jL,^L) is a left bial- 
gebroid too. The opposite (H op , L, fa, sl 7 7l, Tl) is a right bialgcbroid. 

A.7. A right comodule of a right bialgebroid H R = (H, R , s R , t R , j R , ir R ) means a right comodule 
of the i?-coring (H, j R , tt r ) (wi th bi module structure ( A.10|) ). The category of right H_R-comodules 



is denoted by Tl Hn . In Section |A.2| , a right W-R-comodule was defined to be in particular a right R- 
module. Using the bialgebroid structure of H R (not its coring structure alone), one can introduce 
also a left ü-module structure in a right Hß-comodule M, 

(A.ll) rm := m^ir R (s R (r)m^) , for m G M, r G R. 

This makes M an R-R bimodule such that the (so called Takeuchi) identity 

rm' ' (gim [l1 = m [o1 <$t R (r)m^ 

R R 

holds, for all m G M and r G -R. Any 7i#-comodulc map is bilinear. This amounts to saying 
that there is a forgetful funetor 9Jl Wß — > ,r9JIr. It was observed in pcha2 , Proposition 5.6] that 



the forgetful funetor 9Jl nii — > kOJIr is strict monoidal. That is. WI Hr is a monoidal category via 
the -R-module tensor product. The coaction in the product M ® R N of two right 7i/j-comodules 
M and N is 

(m® n)^ (g> (m(gin)W = (m [o1 ® n [o1 ) <g) m [11 n [l1 , for m®n G M®JV. 

R R R H R H R 

The monoidal unit is -R with coaction given by the source map s R . A right 7i/j-comodule algebra 

is an algebra in the monoidal category %Jt Hn (hence it is in particular an -R-ring). Explicitly, it 
means an -R-ring and right Hß-comodulc A whose coaction q a satisfies 

e A (l A ) = l A ®l H , g A (aa') =aWa' [0] ®a [1] a'W, for a,a' G A. 

R R 

The -R-coring (H, j R , ir R ) underlying TL R possesses a grouplikc dement 1 R ■ Coinvariants of a right 
7ii?-comodule are meant always with respect to the distinguished grouplikc dement l R . By the 
R-R bilincarity of the coaction q a in a right H^-comodule algebra A, for any elcmcnt r in R and 
any coinvariant b in A, the unit map r/ : R — > A satisfies 

Q A {br){r)) = b(g>s R (r) = Q A (r)(r)b). 

R 

Hence the elements b G A c ° nR and r/(r), for r G R, commute in A. 

Left comodules of a right bialgebroid TL R = (H,R,s R ,t R ,^f R ,7r R ) (i.e. of the -R-coring 
(H,j r ,tt r )) are treated symmetrically. Their category is denoted by Hli Wl. A left 7ifl-comodule 
M (which is a priori a left -R-module) can be equipped with an R-R bimodule structure with right 
-R-action 

mr = ir R (s R (r)m^~^)m^ for m G M, r G R. 

The forgetful funetor Hn Wl — > R o P 9Jl Rop is strict monoidal. For two left 7i/?-comodules M and N, 
the left and right -R-actions and the left 7iß-coaction in the product M ® R o P N take the form 

r(m <g> n)r' = mr' ® rn, (m g) n)' -1 ' ® (m ® n)' ' = m^ 1 !?!^ 1 ' g) (m' ' <8> n' '), 

fi op ß op fi op fi fi op R R op 

for r, r' G R and m ®i?° p n G M <£) R o P N. The monoidal unit is R op , with coaction given by the 
target map t R . A left Hß-comodule algebra is dcfined as an algebra in the monoidal category 
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Hn 9Jl. It is in particular an i? op -ring. Explicitly, a left 7iß-comodule algebra is an i? op -ring and 
left 7iR-comodule A, whose coaction A g satisfics 

A g(l A ) = 1h® 1a, A e(aa') = a l " 1, a' I - 11 ®a |01 fl' [01 , for a, a' G A. 

R R 

Coinvariants of left 7i_R-comodules are meant always with respcct to thc distinguishcd grouplikc 
element 1 R - 

Comodules of left bialgebroids can be described symmetrically. For a right bialgebroid Hr, the 
categories ( WH )°°p9Jt and 9Jt Wß are monoidally isomorphic. The categories 9Jl^ H - ) ° P and DJl nR are 
anti-monoidally isomorphic. 

A.8. Let TCr = (H, R, sr, tR, jr, ttr) be a right b ialge broid and A a right 7iß-comodule algebra 
with coaction a t— > ® R a^. Recall from Section |A.7| that A possesses an i?-ring structure. The 
i?-ring A, the i?-coring (H, ^f R , ttr) and the R-R bimodule map 

(A.12) : H ®A -> A®H, h ® a >-> a m ® ha [1] 

RR RR 

form an entwining structure over R. This implies that A ® R H is an A-coring, with bimodule 
structure 

di(a(g) h)ü2 = 01002'°' ® ha2^\ for a±, o 2 G A and ai^> h € A(^ H, 

R R RR 

coproduct A ® R -f R : A® R H — ► A ® R H ®rH = (A ® R H) ®a {A ®r H) and counit A ® R tt r : 
A® R H — ► A. Via thc canonical isomorphism M ®a (-4 ® R H) = M ® R H, for M G WIa, right 
comodules for the A-coring (A® R H, A<3 R -f R , A® r tt r ) can be identified with right-right entwined 
modules for the entwining structure (A, H, i/jr)- Such entwined modulcs are also called right-right 
(A, HflJ-relative Hopf modules. They can bc described equivalcntly as right modules for the 
algebra A in the category of right 7i_R-comodules. That is, right A- modulcs and right 7ii?-comodulcs 
M , such that the A-action is 7Yfl-colincar, in the sense that the compatibility condition 

(ma)I°l ® (map = mV ® rA™ 

R R 

holds, for m G M, a G A. The category of right-right (A, 7i#)-relative Hopf modules will be 
denoted by 97l^ R . As it is explained in Section A.5, in the i?-entwining structure (A,H,ip R ) 
the R-coring (H,^/ r ,tt r ) is a right extension of the A-coring (A ® R H, A ®> R ^ R ,A ® R ttr). For 
this coring extension, the funetor R on Figure (3.1) can be identified with the forgetful funetor 

A right 7i_R-comodule algebra A is called an Hr-GslIois extension of its coinvariant subalgebra 
B if the associated A-coring (A ®r H, A ® R -f R , A <® R ttr), with grouplike element 1a ®r 1h, is a 
Galois coring, i.e. the canonical map 

(A.13) can : A® A -> A®H, a ® a' i-> ao' [o1 (g> a' [1] 

B R B R 

is bijective. 

For a left comodulc algebra A' for a left bialgebroid Hl onc defincs lcft-lcft (A', 7ii)-relativc 
Hopf modulcs in a symmetrical way. 



A.9. A Hopf algebroid [BSz], [ Böl is a triplc H = (Hl,Hr, S). It consists of a left bialgebroid 
Hl = (H, L, sl, tLi 7ij kl) and a right bialgebroid H R = (H, R, sr, t R , j R , ttr) on the same total 
algebra H. They are subject to the following compatibility axioms 

(A.14) SR O TTR otL =tL SL o TTL otR = t R 

tROTT R SL = S L t L ° TTL ° SR = SR 

and 

(A.15) (i R ®H) o7 L = (H<e>jl) °1r, (j l ®H) oj R = (H®j R ) oj L . 

LR R h 

The fc-linear map S : H — > H is called thc antipode. It is required to be R-L bilinear in the sense 
that 

S(t L (l)ht R {r)) = s R (r)S(h)s L {l), for l G L, r G R, h G H. 



A SCHNEIDER TYPE THEOREM FOR HOPF ALGEBROIDS 



31 



The antipode axioms read as 

ß O (H O 7fl = S L O 7TL, ß O (S® H) O J L — SR O 7T fl , 

where denotes the multiplication both in thc L-ring sl ■ L — > H and the i?-ring sr : R — > i/. 

In a Hopf algcbroid there are two bialgebroid (hence two coring) structures present. Throughout 
this papcr wc insist on using uppcr indiccs of the Sweedler type to denotc components of the 
coproduct and coactions of the right bialgebroid Hr, and lower indices in the case of the left 
bialgebroid Hl- 

Similarly to the case of Hopf algebras, the antipode of a Hopf algebroid H = (Hl, Hr, S) is an 
anti-algebra map on the total algebra H. That is, 

S(1 H ) = 1h and S(hh') = S(h')S(h), for h, ti e H. 

It is also an anti-coring map Hl — > Hr and Hr — > Hl- That is, 

kr o 5 = tt r o s L o tt l and S(/i) (i y(li) (2) =S(li (2) )8S(/i (1) ), 

7T L o S = 7T L o Sß o TTß and (i) ® (2 ) = 5(/i (2) ) ® ) , for h e H. 

For a Hopf algebroid TL = (Hl, Hr, S), also the opposite-co-opposite H° p p = ({Hr)° p p , (Hl)°o P , 
S) is a Hopf algebroid. If the antipode S is bijective then so are the opposite H op = ((Hr)° p ', {Hl)° p , 
S^ 1 ) and the co-opposite 7i cop = {{H L )co P , (H R ) cop , S^ 1 ), too. 



A.10. Thc following definition was proposed in [BÖ2, Definition 3.2] and |BaSz, Scction 2.2] 



A right comodule of a Hopf algebroid H is a right L-module as well as a right i?-module M, 
togcthcr with a right coaction qr : M — > M <3r H of the constituent right bialgebroid Hr and 
a right coaction ql ■ M — > M ®l H of the constituent left bialgebroid 7Yl, such that qr is an 
7ii-comodule map and ql is an 7iß-comodule map. Explicitly, 

(A.16) (M ®ä7l)o Qr = (qr®lH)o ql and (M ® L 1r) ° Ql = (ql ®r H) ° Qr- 

Morphisms of 7i-comodules are 7iß-comodule maps as well as 7i_L-comodule maps. The category 
of right 7Y-comodules is denoted by 9Jl n . 

Note that any right 7Y-comodule is a right R <g> L-modulc. 

The category n VJl of left 7i-comodules is defined symmetrically. 

A.ll. Sincc a comodule M of a Hopf algcbroid H is a comodule of both constituent bialgcbroids 
Hl an d Hr, we can consider the coinvariants M c ° nR and M coUl in the sense of Appendix A.6. By 



[|BB2| , Corrigcndum], for any H-comodule M, M coUr C M coUl . If the antipode of W is bijective 



then an equality holds. 

A.12. For any Hopf algcbroid H thc following hold. 

1) The forgetful funetor Wl H -> Wl L possesses a right adjoint — ®£ H. 

2) The forgetful funetor Wl H Wl R possesses a right adjoint — <giR H. 

Proof. 1) The unit of the adjunetion is given by the 7iz,-coaction M — » M ®l H, for any right H- 
comodule M. It is an 7Y-comodule map by definition. Counit is given by N <S>l '■ N ®l H — > N, 
for any right L-modulc N. Part 2) is proven symmetrically □ 



A.13. |BB2, Corrigcndum] Consider a Hopf algebroid H. Denote by Fr and Fl the forgetful 
funetors Tt nii -* Wl k and M Hl -> 9Jl fc , respectively. 
1) If the equalizer 

(A.17) M ■ ^M® R H- j M ® r H ® r H 

M0R7R 

in QJti is If ®x TL-pure, i.e. it is preserved by the funetor — ®l H ®l H : DJIl — » 9JIl , for any right 
•W fl -comodule (M, £>k), then there exists a funetor [/ : M Hr -> SO?" 1 -, such that F L o U = Fr. 
Moreover, in this case the forgetful funetor Gr : Wl H — > VJl nR is fully faithful. 
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2) If thc equalizcr 



N ^N® L Hz j . N ® L H ® L H 

N&L1L 



in 5Dt fl is H ® R 71-pure, i.e. it is preserved by the functor — ® R H ® R H : 9Jl R — » Tt R , for any 
right Hi-comodule (N, ql), then there exists a functor V : Wl nL — ► WI Hr , such that F R o V = F L . 
Morcovcr, in this case the forgetful functor Gl ■ 9ft w —* ^ffÜ iL is fully faithful. 

3) If both purity assumptions in parts 1) and 2) hold, then the forgetful functors G R : Wl n — > 
m Hrt and G L : Tl n -> 97t Wi are isomorphisms. Moreover, G L o G^ 1 = E7 and G R o G^ 1 = V, 
hence U and V are inverse isomorphisms. 



A.14. [BB2, Corrigendum] For any Hopf algebroid H, the category Wl n of right 7i-comodules is 
monoidal. Moreover, thc following diagram is commutativc and all occurring forgetful functors are 
strict monoidal. 

m n *- M na 



WI Hl > iMr- 

In light of this Observation, thc following definition can be made. 

A right comodule algebra of a Hopf algebroid H is an algebra in the monoidal category 97l H . 
Right/lcft modulcs of a right 7i-comodulc algebra A in Wl n are termed (right-right/left-right) 
relative Hopf modules. Thcir categories are denoted by ÜJl^ and A$R n , respectively. 

A.15. For a right comodule algebra A of a Hopf algebroid H, denote B := A coHa . Then there is 
an adjunetion 

-® fl A:Wl B ->W% (— ) coW « : ffl^ — > Wl B . 
Proof. For any right i?-module N, the unit of the adjunetion is given by 

(N(E) B A) c ° nR , n^n® B l A . 
For any relative Hopf modulc AI G 971^, counit is given by 

M coHr <E) B A-> M, m» B aH ma. 



Obviously, it is a right A-module map. In light of All, it is also a morphism of 7i-comodules. 



Verification of the adjunetion relations is a routine computation. □ 

A.16. For a Hopf algebroid TL and a right 7Y-comodulc algebra A, denote B :— A coHr . 

1) Thc functor - (g> B A : Tt B -> ffl% R is fully faithful if and only if the functor - ® B A : M B -> 
S!Jl2 is fully faithful. 

) If thc functor - ® B A : M B -> T, A 
WV^ is an equivalence 



2) If the functor — <g> B A : 9Jl B — > 9Jl^ H is an equivalence then also the functor — ® B A : 9Jl B 



Proof. Consider the adjunetion in Appendix A.15| and the adjunetion 



(A.18) - <E> B A : Tl B -> Wl% R {-) coHr : Tl^ R ^ Mi 



cf. ( Al)-(A.2). Both Statements follow by noticing that the units of the two adjunetions eoincide 



and counit of the adjunetion in Appendix A.15 is equal to the restriction of the counit of the 
adjunetion ( A.18| ) to the objects of ÜH^. □ 



A.17. Let H be a Hopf algebroid with constituent left bialgebroid Hl = (H,L, Si, f^, 7_l, 7Tl), 
right bialgebroid Ti R = (H, R, s R , t R , j R , tt r ), and antipode S, and let A be a right 7i-comodulc 
algebra. This means in particular that A is a right comodule algebra for the right i?-bialgebroid 
Ti R , with coaction a \— > (8>.r «M. What is more, since A is a right comodule algebra for the left 



bialgebroid Hl as well, with coaction a 1— > ap] <8>l am, related to the 7i^-coaction as in (A.16), 
the opposite algebra A op is a right comodule algebra for the right L-bialgebroid (Hl)° p - Hence 
in addition to thc i?-cntwining strueture ( A.12j ), A determines also an L-entwining strueturc. It 
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:j:S 



consists of the L-ring A op (with unit, expressed in terms of the unit rj of the i?-ring A as tjottro ti), 
the L-coring {H,^l,^l), and the entwining map 

(A.19) ip L : H <g>A — > A®H, h®a^a^®a^h. 

Therefore there is an associated A op -coring structure on A ®l H . 

Note that the entwining map ( A.19| ) is bijective with inverse '0£ 1 (a <8>l h) = S(a^)h ®l 



Hcnce H (g>£ A has a unique A^-coring structure such that (A.19) is an isomorphism of corings. 
Clearly, by the existence of grouplike Clements, A op is a lcft comodule for the A op -corings A®lH = 
H® L A. 

A.18. The antipode S of a Hopf algebroid induces strict anti-monoidal functors Wff 9Jt — > ÜJl nL , 
Hl M -> WI Hr and n Wl -> 9Jl w : Lct M bc a lcft W ß -comodule with coaction m i-> m [-1 l ®r to [0] . 
Then M has a right 7Yz,-comodulc structure with right L-action ml :— ttr o tL(l)m, for l G L and 
m G M, and coaction 

(A.20) rnnm' 01 ^^'" 11 ). 

If M is a left 7ii-comodule with coaction m t— » ®l Wro], then M has a right 7iß-comodule 

structure, with right i?-action mr := ttl ° tß(r)m, for r G R and m G M, and coaction 

(A.21) m h- > m [o] g) S(m[_x])- 



If M is a left 7i-comodulc then the Tiß-coaction (A.21) and the 7i£-coaction (A.20) are checked 
to constitute a right 7i-comodule structure on AI. 

Clearly, if S is bijective, then all these functors are isomorphisms. Therefore, A is a right 
7Y-comodule algebra if and only if the opposite algebra A op possesses a left H-comodule algebra 
structure. For a right comodule algebra A of a Hopf algebroid TL with a bijective antipode, left/right 
A°P-modules in u Wl are callcd (right-left/left-left) relative Hopf modules. Their categories 
are denoted by u 3Ka and ^371, respectively. 

In particular, lcft-lcft relative Hopf modules are left A-modulcs and left 7i-comodulcs, subjeet 
to the compatibility conditions 

(A.22) (am) [ - 1] ®(am) [0] = m [ - 1] S- 1 (a [ i ] )®a [0] m [0] and 

(am)[_i] ® (am)jo] = m^^S^ 1 (a^) <g> a'°W[o] for sei, m G M. 

A.19. Lct be a Hopf algebroid with constituent left bialgebroid Hl = (H 7 L, SL 7 tL 7 -fL,^L), 
right bialgebroid Hr = (H,R, SR,tR,jR,irR), and a bijective antipode S. Let i be a right 7i- 
comodule algebra with 7i^-coaction a i— > a' ' <8>_r a' 1 ' and 7Y/,-coaction a > — » ®x 0[i], related via 
( A.16| ). The two isomorphic A op -corings A ®l H — H ®l A in Section A.17 are anti-isomorphic 



to the A-corings A ®r H = H ®r A. An anti- isomorphism is given by a bijection in [Bö2, Lemma 
3.3], 

(A.23) A ® H — > A ® iJ, a®/ii^fl[ ]®fl[ 1 ]5(/i), 



and an isomorphism H®rA~^A®rH is given by the entwining map (A.12), with inverse 
(A.24) a® h h-» /i5 _1 (a[i])(gia[o], 



cf. [BÖ2, Lemma 4.1]. By the existence of grouplike Clements (given by the units in A and if), A 



is a left comodule for all these corings. 
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